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Abstract

We considerthenon-AbelianSU(3) Chern—Simonsfield theorydefinedin l~andS
3. The

reconstructiontheoremsfor thevacuumexpectationvaluesof theWilson line operators
areproved.We give in particularthegeneralexpressionsfor thevaluesof theunknotand
of theHopf link. Thephysicalconsequencesof thequantizationof thecouplingconstant
arestudiedin detail. Thestructureof theresultingreducedtensoralgebrais derived.
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1. Introduction

ThequantumChern—Simons(CS) field theory [1] isanontrivialgaugetheory
whoseactionis theintegralof athree-formon athree-manifold.The actiondoes
not dependonthemetric thatonecanintroducein themanifold;this propertyis
calledgeneralcovariance.Becauseofgeneralcovariance,theCSfield theorydoes
not describeasetof interactingparticles,as ordinaryfield theoriesdo. Neverthe-
less,the observablesof themodelarehighly nontrivial. Theseobservables,which
dependon the topology of knotsandlinks in the three-manifold,representlink
invariantsof ambientisotopy; theyalsoprovidean algebraicrepresentationof
four-dimensionalcobordismwhich is given in termsof three-manifoldinvar-
iants. Quite remarkably,the values of the gaugeinvariantobservablescan be
computedexactlywith a finite numberof operations.For this reason,the quan-
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turn CS field theory is the first exampleof a solvablenontrivial gaugetheory
whichis definedin agenericclosed,connectedandorientablethree-manifold.

Somegeneralfeaturesof thequantumCS field theoryhavebeendiscussedin
Refs. [1,2]. The explicit solutionof the non-AbelianSU (2) model in a generic
three-manifoldhasbeenproducedin Refs. [3,4]. Whenthegaugegroupis SU(2),
thethree-manifoldinvariantsobtainedin theCSfield theoryperfectlyagreewith
the invariants definedby ReshetikhinandTuraev [51by meansof quantum
groups.In general,the resultsobtainedby meansof themodularHopf algebra
[5] associatedwith quantumgroupsareessentiallyequivalentto the resultsof
the topologicalfield theory.This equivalenceis not a coincidencebut is dueto
theuniversalityof the representationrings of quantumgroups(whenthe defor-
mationparameteris a free indeterminate)andof ordinarysimplecompactLie
groups.For the samereason,the severalvariantson three-manifoldinvariants,
whichrecentlyappeared[6] in theliterature,justrepresentslightly differentver-
sionsofthe Reshetikhin—Turaevinvariant.

In thepresentandin afollowing [7] article, we shallproducethe explicit so-
lutionof thequantumCSfield theorywhenthegaugegroupisSU(3) in ageneric
three-manifoldwhich is closed,connectedandorientable.In orderto illustrate
thegeneralpropertiesof thenon-AbelianCStheory,thegroupSU(3) is particu-
larly convenient.The structureof thegroupSU (3) is rathersimple but,atthe
sametime, severalpeculiarfeaturesof SU(2) areabsentin this case.For exam-
ple, eachirreduciblerepresentationof SU(3) is not necessarilyreal and, in the
decompositionof the tensorproductof two irreduciblerepresentationsof SU(3),
the multiplicities of the irreduciblecomponentsare in generalnontrivial. The
surgeryrulesof the topologicalfield theoryaredetermined[3] by the structure
of the reducedtensoralgebraassociatedwith the gaugegroup.Thus,the central
issueweshallconsiderin thisfirst article is theconstructionof thereducedtensor
algebra‘

9~k)which, for fixed integervaluesof the CS couplingconstantk, is as-
sociatedwith thegroupSU(3). We shallusestandardcablingto provethe main
reconstructiontheoremsof the link polynomials.We shalldeterminethe values
of the Hopfmatrix, whichis associatedwith couplesofarbitraryirreduciblerep-
resentationsof SU(3), andits propertiesareanalyzed.

Ourmain purposeis to illustratethecrucialrole thatsymmetryprincipleshave
in the topologicalfield theoryandin the definition ofthe associatedthree-mani-
fold invariants.We will alsoshowhowsymmetryargumentscanbeusedto sim-
plify theactualcomputationoftheseinvariants.

Thisarticleis organizedas follows. We shallfirstly discussthe mainproperties
of the non-AbelianSU (3) CStheory in P3andwe shallexplainhowto compute
the expectationvaluesof the Wilsonline operatorsin closedform. We shallde-
rive, in particular,thegeneralexpressionoftheunknotsandof the Hopflink for
arbitraryirreduciblerepresentationsof SU(3). Secondly,we shall considerthe
CS field theory in 53~Theexpectationvaluesof the observablesin S3 cansimply
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be obtainedfrom the expectationvaluesin P3 by addingthe conditionthat the
couplingconstantis an integer.For eachintegervalueof the couplingconstant,
theassociatedreducedtensoralgebrawill beconstructed.

2. Theactionprinciple

Thefield theorymodel in which weareinterestedisdefinedby the action

~ (2.1)

whereA,~=A~T’~and~T~}arethe generatorsof thegaugegroup SU(3) in the
fundamental(three-dimensional)representation.The eight matrices{ T~}are
normalizedas

Tr(TaTh)=~ô~~. (2.2)

With the introductionof the gauge-fixingandghostterms,in the Landaugauge

the totalactionfor the theorydefinedin P3 is [8]

S= ~- J d3x { ~ _~PfabcAaAbAc

~ , (2.3)

where{f abc} arethe structureconstantsof SU(3) andwherethe ordinaryflat
metric 5,~of P3 hasbeenusedto contractthe vector indicesin the gauge-fixing
andghostLagrangianterms.Thetotal actionis invariantunder the BRStrans-
formations[9]

~ ~j1a=O

~ca=~fa~c~cc, z~a=Ba (2.4)

The CS theory in ~ ~is renormalizable;the betafunction andthe anomalous
dimensionsof theelementaryfieldsarevanishing[10] to all ordersof perturba-
tion theory.Theonly freeparameterofthemodel is thevalueof therenormalized
couplingconstantk; we shall now fix the normalizationconditions for k. Let
F= [A

0, B, t~,c] be theeffective actionof the theory. Sincethereare no gauge
anomalies,onecanalwaysconstructaneffectiveactionFwhich is BRSinvariant.
This meansthat,in the limit in which the regularizationcutoffs areremoved,F
is BRS invariant.BRS invariancewill be usedto fix the normalizationof the
fields; indeed,asafunctionofthe renormalizedfields,Fmustsatisfy

~ (2.5)
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Theeffectiveactionadmitsanexpansionin powersof the fields, of course;let us
considerfor instancethe termsF~[A0] andF~

3~[A
0] of this expansionwhich

arequadraticandcubicin thefield A0,

F~
2~[A

0]=Jd3xd3yG~g(x,y)A~(x)A~,(y), (2.6)

F~
3~[A

0]= $ d
3xd3yd3zH~(x,y, z)A~(x)A~(y)A~(z). (2.7)

TheBRS invariance(2.5) impliesthattheexacttwo-pointfunctionG~(x, y) is
relatedto thethree-pointpropervertexH~?(x, y, z) by

~H~’(x, y, z) = 4f” abG d~(X,z)~3(x—y). (2.8)

Our normalizationof the fields is fixed by eq. (2.5); equivalently,ournormali-
zationof the elementaryvectorfield A

0 is determinedby eq. (2.8). Let usnow
fix thenormalizationconditionfor k.As shownin Ref. [10], theexacttwo-point
functionG~(x,y) hastheform

(2.9)

whereZ is arealparameter.TheparameterZwhichis computedin perturbation
theory,is a functionof the “bare” couplingconstantk0. Thefunctionaldepen-
denceof Zon k0 canbearbitrarily modifiedby choosingdifferentregularization
prescriptionsand/orby addingfinite local countertermsateachorderof theloop
expansion,of course.As explainedin anytextbook,how Z dependson k0 is to-
tally irrelevant becausethe barecoupling constantitselfhasno physical (or in-
trinsic) meaning.The valueof thecouplingconstantthatonecanmeasurein a
laboratoryiscalled thephysicalcouplingconstantandisdeterminedby thecom-
plete (resummedto all orders)theory.In physics,the valueof thephysicalcou-
pling constantis alsocalled [11] the renormalizedcouplingconstantandis usu-
ally determinedin termsof the effective actionF ofthe theory.We shall follow
the standardfield theoryprocedureandthe valueof therenormalizedcoupling
constantk ofthe CStheorywill befixedby

k=8mZ, (2.10)

whereZ entersthe exacttwo-pointfunction (2.9).With the field normalization
(2.8),eq. (2.10)representsthe normalizationconditionfor k.

Condition (2.10) givesagood definition of the renormalizedcouplingcon-
stantk becauseeq. (2.10) is in agreementwith the classicalexpression(2.3) of
the action. Consequently,when the correlationfunctionsof the fields areex-
pressedin term of k, the equationswhich follow from the actionprinciple are
satisfied.Vice versa,for the renormalizedcorrelationfunctionsthe actionprin-
ciple is valid [11] only if thecouplingconstantk satisfiescondition(2.10).

All the resultsthat we shallderive are consequencesof the actionprinciple
basedon the functional (2.3); the expectationvaluesof the gaugeinvariantob-
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servableswill beexpressedin termsof thephysicalcouplingconstantk. Thecou-
pling constantk of theSU (3) CS theoryshouldnot beconfusedwith the level /
of thetwo-dimensionalSU(3)1WZNW conformalmodel.

A remarkablepropertyof the quantumCStheoryis that,accordingto eq. (2.9),
thetwo-point functiondoesnot receiveradiativecorrections;therefore,the full
(dressed)propagatorcoincideswith the free one,

<A~(x)A~(y) > = (~~) (2.11)

Let us recallthat the functiondefinedby the propagator,integratedalongtwo
oriented,closedandnon-intersectingpathsC1 andC2 in P~,mustrepresentan
invariantof ambientisotopyfor atwo-componentlink. Theinvariantassociated
with the expression(2.11) is simplythelinking number[9,121of C1 andC~,

1 1 1 (x—vY
lk(C1,c,)=__4dx~q~d~vç~0\‘~. (2.12)4~ Ix—yI~

C’i (‘2

3. CompositeWilson lineoperators

Let C bean orientedknot in P
3 with a given irreduciblerepresentationp as-

signedto it, the classicalexpressionof theassociatedWilson line operatoris

W(C;p)=TrPexp(i$A~(x)T~
0)~0), (3.1)

wherethe path-orderingis definedaccordingto the orientationof C and{T~)}
arethegeneratorsof thegaugegroupin therepresentationp. Theclassicalexpres-
sion (3.1) correspondsto acompositeoperator;consequently,a precisedefini-
tion of the Wilson line operatormustbegivenatthequantumlevel. Thismeans
thatonehasto specify,for instance,theoperativeprocedurewhichmustbeused,
at anygivenorderof perturbationtheory,in the computationof the expectation
valuesof thisoperator.The only knownprocedurewhich preservesgeneralcoy-
arianceis the framingprocedureintroducedin Refs. [2,8]. Therefore,we shall
definethecompositeWilsonline operatorsatthe quantumlevel by meansof the
framingprocedure.

For eachorientedknot C, we shall introduceaframingCf. The framingC is
completelydetermined,up to ambientisotopy,by the linking number1k (C, Cf)
of C and Cf. Whenthe linking numberof C and Cf is vanishing, Cf is called a
preferredframingfor C. Givenan orientedframedknot C in P

3 andan irreduc-
ible representationp ofthegaugegroup,theassociatedWilson line operatorW(C;
p) is well definedandis gaugeinvariant.
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Let usnowconsideraframed,orientedandcolouredlink L in P3with mcom-
ponents{C

1, C2, ..., C,~}.Let the colour of eachcomponentC, of L be specified
by an irreduciblerepresentationp1 of the gaugegroup. TheWilson line operator
W(L) associatedwith L is simply the productof the Wilsonoperatorsdefined
for the single components

(3.2)

Thesetof expectationvalues

E(L)=<W(L)>I~3= <0IW(L)0I>I~3 (3.3)
<010> 1n3

which aredefinedfor all the possiblelinks ~L} which areframed,orientedand
coloured,isthe set of thegaugeinvariantobservablesin whichwe areinterested.

Foranygivenlink L in P~,theexpectationvalue (3.3) admitsanexpansionin
powersof (2ir/k); eachterm of this expansioncanbe computedby meansof
ordinaryperturbationtheory. In orderto verify thatthe observableE(L) is well
defined,let usconsiderfor instancethe first threetermsof this expansion.

The Wilson line operators(3.2) aredefinedfor links which are containedin-
sidesomefinite andcloseddomainof P

3. For thiskind of observables,the vac-
uumexpectationvaluescanbe computedby meansof the standardBRSquanti-
zationprocedurewhich is basedon theaction(2.3). In P3 thereareno constraints
to be imposedon the valueofthe couplingconstantIc, thus,perturbationtheory
is well definedbecausethe expansionparameter)~,given by

)~=(2ir/k) , (3.4)

is afreeparameterandtheexpectationvaluesE(L) arewell definedfor arbitrary
valuesof ~l.This is whywe choseP3 as startingmanifold; in fact, all the pertur-
bativeaspectsof theCS modelreferto thetheorydefinedin P3.

Notethatin agenericthree-manifold.4’, whichisclosedconnectedandorient-
able,). is no morea freeparameter;gaugeinvarianceunderlargegaugetransfor-
mationsin A’ implies [1] thatk musttakecertainintegervalues.Consequently,
ordinaryperturbationtheory in A’ is expectedto be (in general)ill defined.Our
way to solve the quantumCS theory in agenericmanifold .14’ consistsof three
steps.Firstly, we will solve thetheory in P3. whereordinaryperturbationtheory
is reliableanddefinesthe theory unambiguously.Secondly,by taking into ac-
countthe behaviourof the actionunderlargegaugetransformations,we will ex-
tendtheresultsobtainedin P3 to the caseof thethree-sphere53~Finally, we will
usethe symmetrypropertiesof the topological theory to solve the model in a
genericthree-manifoldA’. In thiscontext,the relevantsymmetrywe will needto
consideris relatedto twist homeomorphismsof solid tori.

Let usconsiderthe unknot U (simple circle) in P3 with framingUf andwith
colour given by the irreduciblerepresentationp of SU (3). Thefirst threeterms
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of the )~-expansionof thevacuumexpectationvalueoftheassociatedWilsonline
operatorW(U, Uf; p) havebeencomputed[81 by meansof ordinaryFeynman
diagrams;theresult is

W(U, Uf; ~)>1u3= (dimp) [1—iAQ(p) lk( U, Uf)

— ~)~2Q2(p)(lk( U, Uf) )2_ ~,2~2Q(p)] + O~~)
(3.5)

whereQ (p) is the valueof the quadraticCasimiroperatorin the representation

p.

T~
0)T~0)_—Q(p)i. (3.6)

Let usnowconsiderthe Hopflink in P
3in which thetwo componentsC

1 andC2
areorientedas shownin Fig. 3.1. Let C1 and C2 haveframingsC1f andC7f, re-
spectively.Whenthe coloursof C1 andC2 aregiven by the irreduciblerepresen-
tationspandp’of SU(3),onefinds [8]

<W(Cl,Clf;p)W(C7,C2f;p’)>1P3=(dimp)(dimp’)

x [1—iAQ(p)lk(C~,Clf)—iAQ(p’)lk(C2, C2f)

—~)~
2Q2(p)(lk(Cl,C

1f))
2—~).2Q2(p’)(1k(C

2,C2f))

—~.)~
2Q(p)—~2Q(p’)—~A2Q(p)Q(p’)]+O~~). (3.7)

In conclusion,perturbationtheory is well definedin P3 andthe expectation
valuesof the observables,which aredefinedby theframingprocedure,represent
ambientisotopyinvariantsof framed,orientedandcolouredlinks in P3.

For the AbelianCS model,the seriesdeterminedby perturbationtheorycan
easilybesummedand,consequently,onecanproduce[2] the exactexpression
of the expectationvaluesof the observables.In the non-Abeliancase,the com-
putationof the contributionsof higher ordersin powersof,~.becomesverycom-
plicated.Thus,in the non-Abeliancasethe direct resummationof the perturba-
tive expansionis not practical.Nevertheless,for anyassignedlink L in P3, one
canstill find the exactexpressionof < W(L)>1n3.In orderto do this, onehasto
combine [2,4] thegeneralpropertiesof the expectationvalueswith the numeri-
calinformationwhichcanbeobtained[13] in theSchrddingerpicture.The main
propertiesof the expectationvaluesareencodedin the satelliterelations[2,4].
Therelevantnumericalinformation,whichcanbeobtainedin the canonicalfor-

Cl 2

Fig. 3.1.OrientedHopf link in P~3.
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malism, is representedby the structure [13] of the monodromymatricesor,
equivalently,by the “eigenvalues”of thebraidingmatrix associatedwith an ex-
changeof two link components.

TheexactexpressionofE(L) = < W(L)> In~canbeobtainedby usingthe rules
introducedin Ref. [2]. Theseruleshavebeenderived[2] from thequantumCS
field theory (with gaugegroupSU (N)) andhavebeenformulatedfor link dia-
grams.In the computationof the observables,theserulessummarizeall the in-
formationencodedin thefield theoryactionprinciple.In fact, all theresultswhich
areobtainedaccordingto theserulescoincidewith the resultsobtained,for in-
stance,by meansof ordinaryperturbationtheory.A detaileddiscussionof the
derivationandof theapplicationsof theserulescanbe found in Ref. [4]. In the
presentarticle,weshallfirstly recallthemainpropertiesof theexpectationvalues
{E(L)} which areconsequencesof the symmetriesof thefield theoryandof the
structureof the Wilson line operators.Then,we shallusestandardcabling to
prove the main reconstructiontheoremsfor the observables{E ( L) } whenthe
gaugegroupis G=SU(3).

4. Symmetriesandsatellites

The quantumCS field theory providesand intrinsic three-dimensionalde-
scriptionof the link invariants.Thus,severalfeaturesof {E(L)} admita simple
physicalinterpretationwhich is aconsequenceof the symmetriesof the field the-
ory. In this section,we shall recall somegeneralpropertiesof the expectation
valueswhichwill beusefulfor our subsequentdiscussion.

If thelink L is the distant(disjoint) unionofthe links L1 andL2, weshallwrite
L=L1 uL2.Generalcovarianceimplies [2] that

E(L1uL7)=E(L1)E(L2). (4.1)

Let the irreduciblerepresentationp be assignedto the orientedcomponentC
of thelink L. Let usdenoteby L’ thecolouredlink whichcanbe obtainedfromL
accordingto thefollowing prescription;replacetherepresentationpwith its com-
plexconjugatep” and, simultaneously,modify the orientationof thecomponent
C. Then,fromthe definitionof theWilsonline operators,it follows [2] that

E(L’)=E(L) . (4.2)

Clearly, if therepresentationp whichisassignedto thecomponentCisthetrivial
representation,thenthe associatedWilson line operatoris the identity and, in
thiscase,thelink componentC cansimplybeeliminated.

Let the finite-dimensionalrepresentationp beassociatedwith the framedand
orientedknotC. TheWilsonline operatorW(C;p) is alsowell definedwhenp is
not irreducible.Indeed,in this casewecandecomposep into a direct sumof its
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irreduciblecomponentsand, sinceW(C; p) is the traceof the quantumholon-
omy, W(C; p) can accordinglybe written as a sumof the Wilson line operators
definedfor theseirreduciblecomponents.Consequently,for fixed knot C, E(C)
canbe understoodas a linear function on the representationring of the gauge
group.Onecanextendthe representationring of the gaugegroupto afull algebra
3 overthecomplexnumbers.Thisassociativeandcommutativealgebrais called
[4,14] the tensoralgebra.The structureconstantsof ,~Taregiven by the multi-
plicitiesoftheirreduciblerepresentationscontainedin thetensorproductof two
given representations.To bemoreprecise,for eachirreduciblerepresentationp
of the gaugegroup,we shallintroducean elementx [p] eY; the set{x [p1} of all
theseelements,which aredefinedfor all the inequivalentirreduciblerepresenta-
tions,is the setwhich containstheelementsof thestandardbasisof Y. Thestruc-
ture constantsof ,~Taregivenby

X[PI]X[P2]= ~F~1~2~x[p] , (4.3)

whereFe,, p2. ~,is themultiplicity of the irreduciblerepresentationp which is con-
tainedin thedecompositionof the tensorproductP1®P2. If p~p~®P2, thenthe
correspondingcoefficientF~,p2 p is is vanishing.In the standardbasisof ~‘, the
structureconstantstakenonnegativeintegervalues.The symmetrypropertiesof
{F~1p~,p } arefixed by thesimpleLiealgebrastructureof thegaugegroup;namely,
onehas

F,,,p~,p =F~2,pip’ (4.4)

F,,~,p2. p =F~t,,,~ ~ (4.5)

~ (4.6)

wherep~’is thecomplexconjugateof the irreduciblerepresentationp. Clearly, if
theframedandorientedlink L hasn components,E(L) canbeunderstood[3,4]
as amultilinearfunctionon

Let usconsideranorientedframedknot Candthe set { W(C; p) } of the asso-
ciatedWilsonline operatorswhich aredefinedfor all the possibleinequivalent
irreduciblerepresentations{p} of the gaugegroup. Theset { W(C; p) } is a com-
pleteset [4] ofgaugeinvariantobservablesassociatedwith theknotC. Thismeans
that,if ~ (C) is ametric-independentgaugeinvariantobservableoftheCStheory
which is definedin termsof the vectorfields A~,(x) and~ (C) is associatedto
theknotC, then(9(C) canalwaysbewritten as

(4.7)

wherethe {~(p)}arenumerical (complex) coefficients.With a given choiceof
theframingofC, thecoefficients{çe(p)} arefixed andcharacterizetheobservable
(9(C).Any functionwhichis definedon theequivalenceclassesof conjugateele-
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mentsof acompactsimplegroupadmitsalinear decompositionin termsof the
charactersof thegroup,ofcourse.Eq. (4.7) istheanalogueof thisdecomposition
for thegaugeinvariant observableswhich areassociatedwith theknot C.

Eq. (4.7) canbeusedto derivethegeneralizedsatelliterelations[4] whichare
satisfiedby E(L). Let Vbeasolidtorus standardlyembeddedin S3the oriented
coreof Vwill be denotedby Kandits preferredframingby Kf. Considernowthe
orientedandframedcomponentCof alink L in S3 let Cf bethe framingof C. A
tubularneighbourhoodN of C is a solid torus embeddedin S3 whosecoreis C.
The two solid tori VandNarehomeomorphic;we shalldenoteby h~thehom-
eomorphismh~:V—Nwhichhasthe properties

h~(K)=C, h~(K~)=C~. (4.8)

Up to ambientisotopy, thehomeomorphismh~is uniqueandis determinedby
the orientationandby the framingofthe link componentC.

Onecanimaginethatthe framedcomponentCofL is theimageh~(K)of the
framedknot Kc V underthehomeomorphismh<°>. Startingfrom the link L, we
shallnowconstructanew link L’; L’ is obtainedby replacingthe componentC
ofL with the imageh~ (F) ofagiven (orientedandframed)link Pin V. Thelink
L’ is calledageneralizedsatellite of L; thelink L is acompanionof L’ andP~ V
is calledthe patternlink.

Supposenow thatL’ is ageneralizedsatelliteof L definedin termsof agiven
patternlink P. Furthermore,supposethatan irreduciblerepresentationof the
gaugegrouphasbeenassignedto eachcomponentof P. We would like to know
how the expectationvalueE(L’) is connectedwith E(L); the preciserelation
betweenE(L’) andE(L) is called a generalizedsatellite relation. Let usnow
recallthestructureof thesatelliterelations.RememberthatL’ hasbeenobtained
from L by replacingtheframedcomponentC with the imageh~(P)of thepat-
ternlink P. Bydefinition,Pbelongsto thesolid torusVandW(P),whichdenotes
the productof the Wilson line operatorsassociatedwith F, representsa gauge
invariant observabledefinedin V. Sincethe CS model is a topologicalfield the-
ory, the thicknessof Vis totally irrelevant.In thelimit in which this thickness
goestozero,thesolidtorus Vdegeneratesto asimplecircle: thecoreKof V. Thus,
W(P)canbeunderstoodasagaugeinvariantobservableassociatedwith the knot
K. Consequently,W(P)admitsanexpansionof thetypeshownin eq. (4.7),

W(P)= ~~p)W(K;x[p]). (4.9)

The complexcoefficients{~(p)},appearingin eq. (4.9), dependon the pattern
link Fandon therepresentationsassignedto its components.ThecompositeWil-
son line operators{ W(K,x [p1)) aredefinedfor the framedknotK (which has
preferredframing). Let usintroducetheelementx~
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~ ~(p)~[p] , (4.10)

of the tensoralgebra~T.Then,eq. (4.9) cansimplybe written as

W(P)=W(K;x). (4.11)

At this stage,from the definingconditions (4.8) of h~,if follows immediately
[2,4] that

E(L’)=E(L; with the componentC ofL associatedwith x) . (4.12)

This equationis a consequenceof two basicsymmetrypropertiesof the CS the-
ory. Firstly, gaugeinvarianceimpliesthatthenon-Abelian“electric” flux associ-
atedwith ameridionaldiscof asolid torus mustbeconserved.Secondly,general
covarianceimpliesthatthis flux canalwaysbeimaginedto be concentratedon a
single knotwhichcoincideswith thecoreof the solid torus.

Thesatelliterelation(4.12)representsoneof themainpropertiesof theexpec-
tation values {E(L)}. The ~-coefficients,appearingin eq. (4.9), canbe deter-
minedby usingseveraldifferentmethods;someof them havebeenpresentedin
Refs. [3,4].

Let usconsidera particularexampleof satelliterelationwhich will beusedin
the following sections.We shallconsidera particularpatternlink B in the solid
torus V. Sincethe complementof a tubularneighbourhoodM of the circle U in
S3 is asolid torusstandardlyembeddedin S3,wecantakeV= S3 — A~,where~i?is
theinterior of M. Consequently,weshallrepresentBin the complementof U in
S3. The patternlink B, in which we areinterested,is thetwo-componentframed
andorientedlink shownin Fig. 4.1; eachcomponentof B haspreferredframing.

Let p’ andP2 be the irreduciblerepresentationswhich areassignedto the two
componentsof B; then,the analogueofthe decomposition(4.9) reads[2]

W(B;x[p
1],x[p2])=~ F~~,~2,~W(K;x[p])

=W(K;x[p1]x[p2]) , (4.13)

whereK is the framedcoreof Vwhich haspreferredframingandis orientedas
thecomponentsof B, seeFig. 4.2. In eq. (4.13) onecaneasilyrecognizethestruc-

Fig. 4.1.Patternlink B in thecomplementof U in S’.
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QK

Fig. 4.2.OrientedandframedcoreKof V.

Fig. 4.3.ConnectedsumofL1 andL2.

tureconstants(4.3) of ,fT.

For thesatellitesconstructedwith thepatternlink B, eq. (4.12)takestheform

E(L’) =E(h~(B),C’, ~ 1, X[P2], ~[p’], ...)

=E(C, C’, ...;x[p1]x[p2],x[p’], ...)

=~ FI,I,,,~,.OE(C,C’, ...;~[p],~[p’], ...) . (4.14)

Sincethe couplingconstantkmultiplies the whole action(2.1) (or (2.3)), a
modificationof the orientationof P

3 is equivalentto a modificationof the sign
of k thus, if wedenoteby Lthe mirror imageof the link L, onehas[2]

E(r)Ik=E(L)I_k. (4.15)

This equationcaneasilybeverifiedorderby orderin perturbationtheory.
Finally, let usconsidertheconnectedsumsof links. SupposethatL

1 andL2 are
two disjoint links andthatthe orientedcomponentsCeL1 andC’EL2 areassoci-
atedwith the irreduciblerepresentationp of the gaugegroup. Startingfrom the
distantunion L1 uL2,we shallnowconstructanewlink which is called the con-
nectedsumof L1 andL2. Insidesomefixed three-ballin P

3,the two components
Cand C’ arecutandgluedtogetheras shownin Fig. 4.3. The resultingnewlink
is theconnectedsumL

1 # L~[p] ofL1 andL2 whichhasbeenobtainedby acting
on two link componentswith colourgivenby theirreduciblerepresentationp.

Theexpectationvaluesfor theconnectedsumsoflinks satisfytherelation [2,4]

E(L1 #L2[p])= E(L1)E(L2) (4.16)E0[p]

whereE0 [p] is the expectationvalueof theWilson line operatorassociatedwith
the unknot (circle) in P

3 with standardframingandwith colour given by the
elementx [p1 of thetensoralgebra5.
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5. Representationring

The satelliterelation(4.14)will playa crucialrole in ourconstruction.In fact,
we will usesystematicallythe patternlink B, shownin Fig. 4.1, to constructsat-
ellites. We shalldefine arecursiveprocedurein order to replaceeachlink com-
ponent,which is associatedwith ahigherdimensionalrepresentationsof SU(3),
with asuitablecabledcomponent.In orderto introducethestandardcablingpro-
cedure,however,we needto discusssomebasicpropertiesof the representation
ring of SU(3

We shalluseDynkin labelsto denotethe irreduciblerepresentationsof SU(3).
For eachcoupleof nonnegativeintegers(m, n), theassociatedirreduciblerep-
resentationcorrespondsto the highestweight~i givenby

(5.1)

whereji~ and~2~arethe fundamentalweightsof SU(3).Thus, (0,0) is the
trivial representation,(1, 0) denotesthe fundamentalrepresentation3 and (0,
1) its complexconjugate3*• The representation(m, n) hasdimension

D(m,n)= (m+l)(n+1)(m+n+2) , (5.2)

andthe valueQ(m, n) of thecorrespondingquadraticCasimiroperatoris given
by

m2+ n2 +mn+3 (m+ n)
Q(m,n)= 3 . (5.3)

Giventwo representations(m, n) and (a, b), the decompositionof the tensor
product (m, n)® (a, b) into asumof irreduciblecomponentscanbeobtained,
for instance,by meansof the standardYoungtableauxmethod.The following
relationswill be usefulfor ourdiscussion.

For m� 1 andn� 1, onehas

(m, n)®(l, 0) = (m+ 1, n)t~ (m—1, n+ 1 )® (m, n—1) , (5.4)

(m,n)®(0, l)=(m, n+1)~(m+l, n—l)~(m—l,n) . (5.5)

Form� 1, oneobtains

(m, 0)®( 1,0)= (m+ 1, 0)c~(m—1, 1) , (5.6)

(m, 0)®(0, 1 )= (m, 1 )~(m—1,0) . (5.7)

Finally, for n � 1, onegets

(0, n)®(l, 0)= (1, n)~(0, n—1) , (5.8)

(0, n)®(0, 1 )= (0, n+ 1 )~(l,n—1) . (5.9)



E. Guadagnini,L. Fib / GeometryandPhysics14(1994)236—284 249

Unlike the caseof the groupSU (2), an explicit formulawhich gives thede-
compositionof the tensorproduct (m,n)® (a, b), for arbitraryrepresentations
(m, n) and (a, b) of SU(3), is not known.Thus, for SU(3) onehasto analyze,
ingeneral,eachsingletensorproductseparately.Evenif thestructureof theSU(3)
tensoralgebra.9 cannotbedisplayedin compactform, wewill showhowto de-
rive the relevantpropertiesof.9 andofits associatedreducedtensoralgebra‘

9~k)~

In fact, in orderto studythe propertiesof the tensoralgebra,we only needto
considertherelations(5.4)—(5.9).

Let usdenoteby R the representationring of SU(3) and~ (y, j7) bethe ring
of the (finite) polynomialsin the two variablesy andj7 with integercoefficients.
We shallnow showthatR admitsa faithful representationin ~ (y, jJ). This is a
standardresultof the theoryof simpleLie algebrasandits validity is basedon
the fact thatthe Lie algebraassociatedto SU(3) hasranktwo, of course.Here,
we shalljustrecallthe mainargumentsof theproofin orderto illustratehowthe
recursiveuseof eqs. (5.4)—(5.9) determinesthe structureof R and, therefore,
the structureof .9.

Eachirreduciblerepresentationof SU(3) is associatedto an elementof R; the
setof theelementswhichcorrespondto all the inequivalentirreduciblerepresen-
tationsof SU(3) is called thestandardbasisof .9. R is a commutativering with
identity; consequently,for eachelement(m, n) of the standardbasis,weonly
needto give the correspondingrepresentative[m, n] in ~ (y,

3Y). On the one
hand,the ring R is generatedby thetwo elementsassociatedwith the fundamen-
tal weightsof SU (3) plusthe identity. On the otherhand, .~ (y, jJ) is generated
by the two elementsy andj7 plus theidentity. Thus,the startingpoint is the ob-
viouscorrespondence

(0,0)4-÷[0,0]=l , (5.10)

(l,O)~—’÷[l,
0]=y, (5.11)

(0, 1)÷-*[0,l]=j7. (5.12)

Now, we needto find the representative[m, n] E ~ (y, jJ) of agenericrepresen-
tation (m,n). Let usconsiderfirstly the setof representationsof thetype (m, 0)
with rn> 1. Fromeq. (5.6),onefinds

[2,0]=[l, 0][l,0]— [0,1] . (5.13)

Therefore,

(5.14)

In general,eqs. (5.6) and(5.7) imply that

[rn+2, 0]= [rn—1,0] + [rn+ 1,0]. [1,0] — [rn, 0]~[0,1] . (5.15)

Eq. (5.15) mustholdfor anym� I andgivesarecursiverelationfor theelements
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{ [rn, 0]). Sincewealreadyknow [2, 0], [1, 0], [0, 1] and [0, 0], thisrecursive
relationdetermines[m, 0], for arbitraryrn, uniquely.Forexample,onefinds

[3,0]=y3—2yV+l , (5.16)

[4,0]=y4—3y2j7+V2+2y. (5.17)

The sameargument,basedon eqs. (5.8) and (5.9), canbe usedto find the
polynomials {[0, n]} associatedwith the representations{(0, n)), of course.
Equivalently,since(0, rn) is the complexconjugateof (m, 0), the polynomial
[0, rn] can be obtainedfrom [rn, 0] simply by exchangingy with j7 andvice
versa.Therefore,at thisstage,all the polynomialsof the type { Em, 0]) and{ [0,
n] } areuniquelydeterminedfor arbitraryrn andn.

Fromeq. (5.7),oneobtains

[rn, 1] = [rn, 0] [0, 1]— [m—1,0] . (5.18)

This equation,which holdsfor anym� I, permitsus to find all the polynomials
of thetype { [m, 1]). Similarly, eq. (5.8) definestherecursiverelation

[1, n] = [0, n]~[1,0] —[0, n—h , (5.19)

which uniquelyfixesthe polynomials{ [1, n ] } for arbitraryn. Finally, let uscon-
sidera genericrepresentation(m, n); the associatedpolynomial [m, n]e.~(y,
jY) canbedetermined,for instance,by usinga recursiveprocedurein the values
of theindex n. Indeed,eq. (5.4) gives

[m, n+ 11= [rn, n]~[0, 1]— [m+ 1, n—l] — [rn—1, n] . (5.20)

Assume,by induction,thatthe polynomials{ [rn, n] } areknown for arbitraryrn
and for n�no.Then, eq. (5.20) canbe usedto find [m, n

0+ 1]. On the other
hand, [rn, 0] and [rn, 1] areknown ; therefore,eq. (5.20)permitsusto find [m,
n] for genericvaluesof mandn.

To sumup, therepresentationring R of SU (3) canconvenientlybe described
by .~ (y, ~); wehavealsoprovedthatthepolynomial [m, n], whichis associated
to the genericrepresentation(m, n), is uniquely determinedby the relations
(5.4)—(5.9).A few examplesof representativepolynomialsarein order:

[0,2]=y
2—y, [1, l]=yj7—l , (5.21)

[2, 1]=y2j1—~2—y, (5.22)

[3, l]=y3j~—2yy2—y2+2jY, (5.23)

[2,2]=y2~2—y3—~3. (5.24)

In general,onefinds

[m,n]= ~ a(,y5Y~, (5.25)
i-4 j � lfl + fl
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where{a,~}are integernumbersandam,,= 1. The given representationof R in
.~ (y, ~J) is particularly convenientfor our purposes.Indeed,eachpolynomial
(5.25) providesthe explicit connectionbetweenthe elementsof the standard
basisof .~ andthe elementsof the new basisdefinedin termsof the powersof
(1,0) and(0, 1),whichcorrespondto themonomials{y’y~’}.To bemoreprecise,
let usdenoteby ~[rn, n] the elementof the standardbasisof .Y which is associ-
atedto therepresentation(rn, n) of SU(3).Eq. (5.25) impliesthat

.~[m, n] = ~ a~(X[l,0] )‘(x[O~ 1] )J , (5.26)
i +1� in + n

wherethecoefficients~a0}appearingin eq. (5.26)coincidewith thecoefficients
{a0} enteringeq. (5.25).

6. Computingthelink polynomials

ThequantumCS field theoryis exactlysolvablebecause,with a finite number
of operations,onecanfindthe exactexpressionE(L) for agenericlink L. As we
havealreadymentioned,E(L) caneasilybecomputedby usingthe rules intro-
ducedin Refs. [2, 4]; theseruleshavebeenderivedfrom thefield theoryandare
in agreementwith the resultsobtainedin perturbationtheory,of course.In this
section,weshallbriefly summarizetheserules,whichareformulatedfor link dia-
grams,whenthegaugegroupis G=SU(3).

It is convenientto representthe ambientisotopyclassesof framedlinks in P
3

by the regularisotopyclassesof link diagrams.We shallusethe verticalframing
convention;this meansthat the linking numberof eachlink componentandits
framing is equalto the writhe [2] of thecorrespondingcomponentof the link
diagram.In particular,for theconnectedsumsof links, thevertical framingcon-
vention completelyspecifiesthe framingsof the resultingcomponentsof L

1 #
L2[p1.

Let usintroducethe so-calleddeformationparameterq which, in thequantum
CS field theory,is givenby [2]

q=exp(—i2ir/k), (6.1)

wherethe renormalizedcouplingconstantk is definedby eqs. (2.8)—(2.10). In
order to computeE(L), onecanusestandardcabling; this methodconsistsof
two steps.Firstly, we shallgivethe rulesfor the computationof a genericlink
wheneachlink componenthascolour specifiedby the fundamentalrepresenta-
tion of SU(3).Secondly,weshallintroducearecursiveprocedure,whichisbased
on the useof the satelliterelation (4.14),to computethe link invariantswhen
thecoloursof thelink componentsarearbitrary.

Theorem1. Let L bea link diagramwith components{C1, C2, ..., C,,) in which
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each component is oriented and has colour given by the fundamental representa-
tion 3 ofSU(3). The associated expectation value,

E(L)=E(C1,C2,...,C,,;3,3,...,3), (6.2)

is uniquelydeterminedby
(1) regular isotopyinvariance;
(2) covarianceunderan elementarymodificationofthewrithe;
(3) skein relation;
(4) valueoftheunknotwithzerowrithe.

This theoremhasbeenprovedin Ref. [4]; let us recallherethe precisemean-
ing of points (1 )—(4). RegularisotopyinvariancemeansthatE(L) is invariant
undermodificationsof the diagramswhichareobtainedby combining(smooth)
isotopytransformationson the planeof the diagramwith a finite sequenceof
Reidemeistermoves [2] of typesII andIII. Considernow a givenlink diagram
L; let us modify the writhe w(C) of a single componentC according to
w(C)—*w’(C)=w(C)±1. LetusdenotebyL~thenewlinkdiagramwhichhas
beenobtainedfrom L accordingto theaboveprocedure.Then,point (2) means
that [2]

E(L~~)=q~
43E(L). (6.3)

Theskein relationmentionedin point (3) is givenby [2]

q”6E(L±) —q~”6E(L.) = [q1”2—q ~“2]E(L
0) , (6.4)

wheretheconfigurationsL±andL0 areshownin Fig. 6.1.
Finally, thenormalizationof E(L) is fixed by thevalueE( ~ 3) of theunknot

U0 with writhe equalto zero. This value cannotbe chosenarbitrarily but is
uniquelyfixed [2] by the field theory.For thegaugegroupSU (3), the valueof
theunknotis [2]

E(U03)=E0[3]=q+l+q’ . (6.5)

Oneofthe consequencesof Theorem1 is thefollowing:

Property1. For anyframed,orientedandcolouredlinkL withcoloursgivenby the
fundamental representation 3 ofSU(3), the associated expectation value E(L) is
a finite Laurent polynomial in the variable x given by

~ L_ L0

Fig. 6.1. Skeinrelatedconfigurations.
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x=q’13. (6.6)

Proof The value (6.5) of the unknotwith zero writhe is a finite Laurentpoly-
nomial in x and, becauseof eq. (6.3), the value of the unknotwith arbitrary
writhe alsobelongsto Z[x ~‘] By meansof the skein relation (6.4) andof eqs.
(6.3) and (6.5), oneobtainsthat, for the distantunion of an arbitrarynumber
of unknots,the associatedinvariantbelongsto Z[x~ ‘1 This result is in perfect
agreementwith property (4.1),of course.Now, by usingtheskeinrelationrecur-
sively, E(L) canbewritten asa finite linearcombinationof the invariantsasso-
ciatedwith thedistantunion of unknotsin which eachunknotmayhavea non-
trivial writhe. Thus,we only needto prove that the coefficients, enteringthis
linear combination,belongto Z[x ±‘]. Let usconsiderthe standardascending
method [15] to constructE(L). Thisrecursivemethodis basedon the observa-
tion thatanygivenlink diagramcanbe transformedinto adistantunion ofunk-
notsprovidedsomeovercrossingsareexchangedfor undercrossingsorviceversa.
At eachstepof this recursiveprocedure,the skein relation (6.4) canbewritten
in theform

E(L+)=q’~3E(L_)+ (q”3—q213)E(L
0), (6.7)

or

E(L )=q”
3E(L±)— (q213—q”3)E(L

0) . (6.8)

Sinceall thecoefficientsappearingin eqs.(6.7) and (6.8)belongto Z [x ±1] the
inductive ascendingprocedurepermitsus to expressE(L) as a linear combina-
tion of the valuesof the unknotsin which all the coefficientsenteringthislinear
combinationbelongto Z[x ±1]. Therefore,property1 is proved.

At this stage,we areableto computeE(L) whenthe link componentshave
colourswhich aregivenby the trivial representation,or the fundamentalrepre-
sentation3 or its complexconjugate3*~Indeed,eachcomponentassociatedwith
thetrivial representationcanbe eliminatedandeachorientedcomponent,asso-
ciated with 3*, is equivalentto the samecomponentwith oppositeorientation
associatedwith 3. Consequently,by meansof Theorem1, wecaneasilycompute
E(L).

Let usnowconsiderthe casein which the coloursof the link componentscor-
respondto genericrepresentations{ (m, n) } of SU(3). In orderto computethe
expectationvalue of the associatedWilson line operator,one can usestandard
cabling. This methodis basedon the satelliterelationsandon eq. (5.26). Sup-
posethatagivenlink componentis characterizedby an irreduciblerepresenta-
tion (m, n) ofSU(3) which is differentfrom (0, 0), (1,0) and (0, 1). In this
case,thiscomponentwill be replacedby the imageunderh° of an appropriate
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linear combinationof patternlinks. Thesepatternlinks are chosento haveall
their componentsassociatedwith (1, 0), or (0, 1), or (0, 0). Suchpatternlinks
alwaysexistandaredeterminedpreciselyby eq. (5.26).Whenall the link com-
ponentswhich areassociatedwith higher dimensionalrepresentationsof SU(3)
havebeensubstituted,onegetsa linearcombinationof satellitesin which all the
link componentshavecolours (1,0),or (0, 1) or (0,0) and,by meansof Theo-
rem 1, onecanfinally computethe expectationvalueof theobservable.We shall
nowgivethe detailsof thisconstruction.

Let usdenoteby B(ij) the patternlink shownin Fig. 6.2; B(ii) is definedin
the solid torus which coincideswith the complementof the circle U in S3. The
link B(ii) hasi+j orientedcomponentsandeachcomponenthaspreferredfram-
ing. The satelliteof aknot constructedwith the patternlink B(zj) is calledaca-
bledknot. Let us assumethat i componentsof B(zj) havecolourx [1, 0] andj
componentshavecolourx[0, 1]; weshalldenoteby W(B (ij)) the productof the
associatedWilson line operators.Accordingto eq. (4.9), W(B(ij)) admitsan
expansionof thetype

W(B(ij))= >J~(p)W(K;x[p]) , (6.9)

whereKis thecoreofthesolid torus (with preferredframing), shownin Fig. 4.2.
Thecoefficients{~(p)} enteringeq. (6.9) can bedeterminedby usingeq. (4.13)
recursively.So,thesecoefficientsareuniquely determinedby the structurecon-
stantsof the tensoralgebra~9.Consequently,if the elementx [m, n] admitsthe
presentationshownin eq. (5.26),oneobtains

J4”(.K;x[m, n])= ~ a~J4”(B(ij);x[l, 0], •..,x[O~1],...) . (6.10)
i+j�m+n

Now, let C be a genericcomponentof a link with colourx [m, n]. As we have
alreadymentioned,the orientedandframedcomponentC canbe understoodto
bethe imageh~ (K) of the orientedandframedknot K (with colourx [m, n])
underthe homeomorphismh~definedin Section4. Consequently,eq. (6.10)

B( ij)

U I + j

Fig. 6.2.Patternslink B(tj) in thecomplementof Cm S3.
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implies that C can be replacedby alinear combinationof cabledcomponents
accordingto

Cwithcolour [m,n]i—~ ~ a,3h~(B(zj)) . (6.11)
i+j � ni + n

Eq. (6.11) gives the desiredrelationwhich is satisfiedby the CS expectation
valuesofthe observables;eachlink component,whichis associatedwith ahigher
dimensionalrepresentationof SU(3), is equivalentto a certainlinearcombina-
tion of cabledcomponentswhich havecoloursgivenby the fundamentalrepre-
sentation3 or3*~Thecoefficients{a,1} enteringthislinearcombinationaredeter-
minedby the structureconstantsof thetensoralgebraof thegaugegroupandare
integernumbers.

Theorem2. Let L bean orientedlink diagram in which an irreducible representa-
tion ofSU(3) is attachedto eachcomponent.Theassociatedexpectationvalue
E(L) canbe computedby meansofstandardcabling.E(L) representsaregular
isotopyinvariant oforientedcolouredlinkdiagrams;moreover,E(L) cZ[x ±1]

Proof Accordingto the standardcablingprocedure,eachlink componentwhich
is associatedwith ahigher dimensionalrepresentationof SU(3) canbereplaced
by the combinationof cabledcomponentsshownin eq. (6.11). Consequently,
E(L) canbewritten as asumof satellitesin which all thecomponentshavecol-
ours givenby the trivial representation,or the representation3 or its complex
conjugate3*~Theorem1 thenimpliesthatE(L) is a regularisotopyinvariantof
orientedandcolouredlink diagrams.Finally, sincethecoefficients{a~}entering
eq. (6.11) areintegernumbers,E(L) is a linearcombinationwith integercoef-
ficientsof the invariantsdefinedin Theorem1. Therefore,accordingto Property
l,E(L)belongstoZ[x~’].

Theorems1 and2 arethereconstructiontheoremswhichdeterminetheexpec-
tation valuesof the observablesof the non-AbelianSU(3) CS theory in P

3. Let
usconsiderafew examplesof link polynomials.We shalldenoteby E

0 [m, n] the
valueof theunknotwith preferredframingandwithcolourx [m, n]. Onehas

Eo[2,0]=E0[0,2]=(l+q
2) ~ (6.12)

E
0[l, l]=(l+q)

2(l+q2) , (6.13)

E
0[4, l]=E0[l,4]= (q

5—~(1—q7) (6.14)

For theright-handedtrefoil 31 (with vertical framingconvention),shownin Fig.
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Fig. 6.3.Right-handedtrefoil,

Fig. 6.4. Figure-eightknot.

Fig. 6.5.Knot 5~.

6.3, onefinds

E(31x[l, 0]= (q+ 1 +q’)(q
2+ 1 —q2), (6.15)

E(3
1x[2,0])= (l+q

2)(i—q3)

x[q6+q3+q2—q—q2—q3+q5] . (6.16)

Thefigure-eightknot4~is shownin Fig. 6.4; onegets

E(4
1x[l, 0] )=q

4+q3—1 +q3+q4, (6.17)

E(4
1;x[

2, 0] )=q~°(1 +q’8) (l—q3)

—q7( 1 +qU) l~ +q2( 1 +q2) (1 +q)2. (6.18)

For the knot Si, shownin Fig. 6.5,oneobtains

E(5
1,~[l,0])= (l—q

3)(l±q2—q4)q~3, (6.19)
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E(S1x[2,0])= (l—q
3)(1+q2)

+ (l—q3)(l—q5) [(l+q3) —91 8/3 620(l—q)2 [(l+q) —q

Finally, for the Whitehead’slink 5~,shownin Fig. 6.6, onefinds

E(5~x[2,0],x[l,0])= (l±q2)(i_q3)q1/3

+ (
1q) [l—q

2+2q4—q6](l+q2)q’913.

(6.21)

7. Valuesof the unknot

In this sectionweshall computeE
0[m, n], which is the CS expectationvalue

of the Wilson line operatorassociatedwith the unknot in P
3 (with preferred

framing)with colourx[m, n]. Our purposeisto producetheexpressionofE
0 [m,

n] for arbitrarym andn. In studyingthe propertiesof the link polynomials,the
valuesof the unknotplay animportantrole. Indeed,in Section4 wehaveseen
that,becauseof generalcovariance,anycolouredlink containedinside a solid
torusdeterminesacertaincolourstateassociatedwith thecoreof the solidtorus.
Sincetheunknotis thecompanionof anylink, thevaluesof theunknotrepresent
thebasicbuildingblocksof thelink polynomials.In orderto determinethe struc-
tureof thereducedtensoralgebra

3~’k),weshallusetheresultsof thissection.
In Section6 wehavegiventhe rules for the computationof agenericcoloured

link. Thus,for fixed valuesof m andn, the computationof E
0 [m, n] is straight-

forward.The only nontrivial taskis to find thegeneraldependenceof E0[m, n]
on theintegersmandn. In orderto solvethisproblem,weshallusethe symmetry
propertiesof theCS theoryandtherecursiverelations(S.4)—(S.9).

Letusdenoteby Cthe orientedunknotin P
3withpreferredframingandcolour

x[m, n]. Clearly, the orientationof C canbemodified by meansof an ambient
isotopytransformation.Sinceamodificationoftheorientationof Cisequivalent

C ~

Fig. 6.6. Whitehead’slink.
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to replace~[m,n] with~[n,m], onehas

E0[m,n]=E0[n,m] . (7.1)

Let usnowconsiderthe distantunionoftwo orientedunknotsC1 andC2 (both
with preferredframing) in P

3. Supposethat C
1 hascolourX[Pi] andC2 hascol-

ourX[P2]. Eq. (4.1)andthesatelliterelation(4.14) imply that

E0[p1]E0[p2]= ~F,,1,~2,~E0[p], (7.2)

where{F~,.p2.p } arethestructureconstantsof thetensoralgebraY:

X[PI]X[P2] ~,F~1~,~x[p] . (7.3)

Eq. (7.2) showsthat theset{E0 [m, n ] } of the possiblevaluesof theunknotgives
arepresentationin Z[x ±1] of the representationring of the gaugegroup.Conse-
quently,onecanusethe relations(S.4)—(S.9)to find the valuesof theunknot.
In fact, the recursiveargumentthat we presentedin Section 5 determinesthe
valueof E0 [m, n] uniquely.The resultis summarizedby the followingtheorem.

Theorem3.TheexpectationvalueE0 [m, n] of the unknotin P
3 with preferred

framing and colour ~[m, n] is given by

(1 — ,~ifl+ ~ (1 — ~ ~~1— ,~,Pfl+fl+2

E [m ] (tfl+n) “ ‘~ 1” ‘i 1’. ‘i 74)
° ‘ — (l+q)(l—q)3

Proof Clearly, eq. (7.4) givesthecorrectvalueof the unknotfor the representa-
tions (0,0), (1,0) and(0, 1). Moreover,onecaneasilyverify [16] thatexpres-
sion (7.4) satisfiestherecursiverelations(5.4)—(5.9).Consequently,eq. (7.4)
representsthe uniquesolutionof the recursiverelationswith the correctinitial
data.Therefore,eq. (7.4) givesthe valuesof the unknotin theCS theory. E

In agreementwith eq. (7.1),thevalueofE
0[m, n] shownin eq. (7.4) is sym-

metric in the indicesmandn. Sincethe deformationparameterq is givenby eq.
(6.1), theexpression(7.4) admitsaTaylor expansionin powersof).= (2m/k)
around)L=O. Eachtermof this expansionrepresentsthevalueof thecorrespond-
ing Feynmandiagramsfound in perturbationtheory.Let us nowverify that the
expression(7.4) is really in agreementwith the perturbativeresult (3.5).From
eq. (7.4) onegets

E (m+l)(n+1)(m+n+2)2

X[l—~
2(m2+n2+mn+3m+3n)]+O(,~3). (7.5)
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By taking into accounteqs. (5.2) and(5.3),onefinds thatthis expressioncoin-
cidespreciselywith the perturbativeresult(3.5).

Eq. (7.4) showsthat E0 [m, n] is actuallya finite Laurentpolynomial in the
deformationparameterq. Indeed,the factor (1 + q) (1 — q)

3 in the denominator
of theexpression(7.4) cancelsout therootsatq= — 1 andq= 1 ofthenumerator.
The dependenceof E

0 [m, n] on the CS couplingconstantk canbe explicitly
displayedby writing theexpression(7.4) in the equivalentform

E rn — 1sin[ir(m+1)/k]sin[~r(n+l)/k]sin[ir(m+n+2)/k]o[ ,n]_2 cos[ir/k]sin
3[m/k]

(7.6)

We concludethissectionby proving a propertywhich will be usefulto deter-
minethe structureof the reducedtensoralgebra~

Property2. Foranyframed,orientedandcolouredlink L, in which onelink com-
ponenthascolourx[m, n], theassociatedexpectationvalueE(L) takestheform

E(L)=E
0[m, n]~(L) , (7.7)

where.~ (L) is afiniteLaurentpolynomialin thevariablexdefinedin eq. (6.6).

Proof ConsidertheconnectedsumL1 * L7 in whichthetwo linksL1 andL2 are
copiesof the link L; in otherwords, L1 andL2 areseparatelyambientisotopic
with the framedlink L. Let the connectedsumL1 * L2 beobtainedfrom L1 and
L2by actingonthelink componentassociatedwith zEm, n], Then,from eq. (4.16)
it follows that

E(L1*L,)=EE~. (7.8)
E0[m, n]

SinceE(L)EZ[x ±‘], onecan factorizethemaximalpowerof x’’ in E(L) and

write

E(L)=x”9?(x) , (7.9)

wherea is a nonnegativeintegerand~4’(x) is an ordinary finite polynomial in x
with integercoefficients.Similarly, onehas

E0[m,n]=x”c?1~(x) , (7.10)

whereb is apositiveintegerand~ is apolynomial in xwith integercoefficients.
As shownin eq. (7.4),onehasb=3(m+n); it shouldbenotedthat ~(x) is not
vanishingfor x=0.By usingeqs. (7.9) and(7.10),eq. (7.8) takesthe form

E(L1 #L2)=x_(
2a_~ ~(x)~(x) (7.11)e~(x)
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SinceE(L1 # L2)EZ[x ±‘1 eq. (7.11) impliesthat all the rootsof the polynom-
ial 94~(x)mustalsobe rootsof the product9(x).9(x). A priori, therearenow
two possibilities:
(1) .9(x)/P10(x) is an ordinarypolynomial in x:
(2) .9(x)/.90(x)is not apolynomial in x.
In case(1), .9 canbe dividedby .943 andonehas

(7.12)

where1~(x)is apolynomial in x. Consequently,from eq. (7.9) oneobtains

E(L)=Eo[m,n]xa~1c(x). (7.13)

Therefore, in case (1) one finds that eq. (7.7) is satisfied with
L)=x~1~(x).

In orderto completetheproof, we shall nowshowthatpossibility (2) is never
realized;thepointis thatpossibility (2) is not consistentwith theconnectedsum
formula (4.16). Indeed,if 9(x)/.443(x) is not apolynomial,thenit hasa pole
(x—x0)~ofacertainfixedorderfl.Since 94(x) multiplied by 94(x)/94~(x)isa
polynomial, thispolemustbe cancelledby a rootof 94(x).Let usnowconsider
the link LN which coincideswith the connectedsumof N copiesof thelink L, as
shownin Fig. 7.1. Eq. (4.16)gives

N 1
\ ~ m,nj1

whichcanbewritten as

E(LN)=xN~~~~94(x)(~~). (7.15)

Thesameargumentthatwe haveusedbeforenowimpliesthat94(x) mustelim-
inatethe pole (x—x0)’~’

1.SinceNcanbe chosento be arbitrarily large,the
cancellationmechanismof the polecannottake placebecause94 (x) is afinite
polynomial.Thus,possibility (2) is excludedandProposition2 is proved. E

NO

Fig. 7.1.ConnectedsumofN copiesof L.
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8. Valuesof theHopflink

As we havealreadymentioned,we shalluseDehnsurgeryon 53 to solve the
quantumCStheory in agenericthree-manifoldA’. To be moreprecise,weshall
usethe operatorsurgerymethod [3] to computethe expectationvaluesof the
observablesin A’ by meansofthe observablesin 53~Oneofthe basicingredients
in theconstructionof the surgeryoperatorsis the so-calledHopfmatrix [3]. Let
usnow recall why the expectationvalueof the Hopflink playsa crucial role in
solvingthetopologicalfield theory.

Dehn’ssurgerymethodessentiallyconsists[17] of removingandsewingsolid
tori in S3 thus,we needto considerthe propertiesof the CS expectationvalues
whicharerelatedto the differentembeddingsof solid tori in 53~Actually, because
of theso-calledFundamentalTheorem[17], wereally needto considersolid tori
standardlyembeddedin S3. Let usconsiderasolidtorusNstandardlyembedded
in S3 clearly, its boundaryt9NeS3 is atwo-dimensionaltorus.Now, thecrucial
point to be notedis that~Nis actuallytheboundaryof two solid tori which are
bothstandardlyembeddedin 53~The first solid torus is N, of course;the second
solid torus is 53_7~~’,where1~isthe interiorof N.

In conclusion,a solid torusN standardlyembeddedin S3 really definestwo
solid tori: N itselfandits complementin ~ Supposenowthatacertaincoloured
link L~is presentin N andanothercolouredlink L

2 is containedin 5
3—N; we

would like to study the properties of the associatedexpectation value
<W(L

1 )W(L2)>. The symmetrypropertiesof the CS expectationvalues,that
wehavementionedin Section4, arevalid alsoin thethree-sphere53~In particu-
lar, the generalizedsatelliterelationspermit us to find, for each link contained
insideasolid torus,thecorrespondingcolourstateassociatedwith thecoreof the
solid torus.Consequently,<W(L1) W(L2)> canbeexpressedin termsoftheval-
uesof the Hopflink whosetwo orientedcomponentsrepresentthe coresof the
two solid tori Nand53_

To sumup, the valuesof theHopf link giveus the pairingbetweenthecolour
stateswhichareassociatedwith two complementarysolid tori standardlyembed-
dedis 53~Forthisreason,the valuesof theHopf link arethe fundamentalingre-
dientsin the constructionof thesurgeryoperatorsand,togetherwith the satellite
relations,characterizethetopologicalpropertiesof thequantumCSfield theory
completely.Thus,our interestis to producethe valuesof the Hopf link in 53~

SincetheCS expectationvaluesin S
3 coincidewith theexpectationvaluesin P3

with theconstraintthatk is aninteger,we only needto determinethe valuesof
theHopflink in P3.

Let usconsidertheHopflink in P3 whosetwo orientedcomponents{C
1, C2},

shownin Fig. 8.1, havepreferredframings.Let C1 havecolourXE m, n] andC2
havecolourx[a, b]. We areinterestedin theassociatedexpectationvalue
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Fig. 8.1.OrientedHopf link.

H[(m,n);(a,b)]=<W(C1x[m,n])W(C2x[a,b])>103. (8.1)

By meansof an ambientisotopy, the componentsC1 andC2 of theHopflink of
Fig. 8.1 canbe exchanged;consequently,onehas

H[(m,n); (a,b)]=H[(a,b); (m,n)] . (8.2)

As we havementionedin Section4, E(L) is invariantunderaglobal “charge
conjugation”transformationwhichconsistsof substitutingeachirreduciblerep-
resentationp for its complexconjugatep”. Therefore,onefinds

H[(m,n); (a,b)]=H[(n,m); (b,a)] . (8.3)

For fixed valuesof (m, n) and(a, b),H[(m, n); (a, b)] caneasilybecomputed
by meansof the rulesspecifiedby the reconstructiontheorems.Thegeneralde-
pendenceof H[ (m, n); (a, b)] ontheirreduciblerepresentations(m, n) and (a,
b) is summarizedby thefollowing theorem.

Theorem4. TheexpectationvalueH[m, n; a, b] oftheHopflink in P
3 isgivenby

H[ (m, n); (a, b)] =q— [(in+n)(a+b+3)±(m+3)b+(n±3)a]/3 ______________

(l—q) (l+q)

x [l+q++~2n+1)±1)+q(m±1)+~2)±(u7+1)(c~1)

_q(m+l)(b+l)_q(fl+l)(a+l)_q(ni±n±2)(a+b+2)] . (8.4)

Proof In orderto provethe validity of eq. (8.4),we shalluseeqs. (S.4)—(5.9),
which, combinedwith the satelliterelationsandthe formula (4.16) for thecon-
nectedsumsof links, permitus to find recursiverelationsfor the valuesH[ (m,
n); (a, b)]. Then,onecanverify thatthe expression(8.4) satisfiestheserecur-
siverelationsandgivesthecorrectvaluesof the initial data.Thus,eq. (8.4) rep-
resentstheuniquesolutionof therecursiverelationswhichis consistentwith the
initial values.The algebraicpartof theproofis morecomplicatedthanthe case
of theunknot,of course;we shallnowgivethe detailsof the crucialstepsof the
proof.
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Let usconsiderthe link L shownin Fig. 8.2a.Onthe onehand,the link L is a
satellite of the Hopf link; therefore,by usingthe satelliteformula (4.14), one
obtains

E(L;x[p1],x[p2],x[p3])=H[p2p10p3] . (8.5)

Onthe otherhand,L is the connectedsumof the two Hopf links shownin Fig.
8.2b. Thusaccordingto eq. (4.16),onehas(whenp2is irreducible)

1 H[p1p2]H[p2p3]
11 [P2, Pi ‘O’P3 J = r

~oLP2

Now, by settingp1= (m, n),p3= (1, 0) andp2=(a,b), from eq. (8.6)wehave:

H[(m, n); (a,b)]1I[(1, 0); (a,b)] =H[(m+l, n); (a,b)]
E0[a, b]

+H[ (m—1, n+ 1); (a, b) ] +H[ (m, n—1); (a, b)] . (8.7)

In thesameway, if we setp’= (m— 1, n ),p~= (0, 1) andP2= (a, b), weobtain:

H[(m—l,n);(a,b)JH[(0,l);(a,b)] =H[(m—l,n);(a,b)]
Eo[a, b]

+H[ (m, n—1); (a, b) ] +H[ (m—2, n); (a, b)] . (8.8)

Subtractingeqs. (8.7) and (8.8),wearriveatthepromisedrecursiverelation:

H[(m+l,n);(a,b)]=H[(m,n);(a,b)]H[(l,0);(a,b)]E~
1[a,b]

—H[(m—l,n); (a,b)]H[(0, 1); (a,b)]E~’[a,b]

+H[(m—2,n); (a,b)]

Similarly,by usingeq. (8.3),wefind

H[(m,n+l); (a,b)]=H[(m,n); (a,b)]H[(0, 1); (a,b)]E
1j

1[a,b]

—H[(m,n—l); (a,b)JH[(l,0); (a,b)]E
1~

1[a,b]

+H[(m,n—2); (a,b)] . (8.10)

By using eqs. (8.9) and (8.10) recursively,onecan determinethe value of
H[(m, n); (a,b)] form, n�2in termsof theinitial values:

PIQQQ9~

Fig. 8.2.ThelinkL is theconnectedsumofL, andL
2.
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H[(0,0);(a,b)], H[(l,0);(a,b)], H[(2,0);(a,b)],

H[(l, 1); (a,b)], H[(2, 1); (a,b)], H[(2,2); (a,b)] . (8.11)

Sinceany link componentwith colour~[O,0] canbeeliminated,wehave:

H[(0,0); (a,b)]=E0[a,b] . (8.12)

The remainingvaluesof the initial datacaneasilybecalculatedby usingTheo-

rems 1 and2 or, simply by usingthe formula [2]
H[pi;p2]=q_Q(P1)Q~2) ~ qQ(P)E0[p] . (8.13)

pepi ®p2

The resultis [16]:

H[ (1,0); (a, b) ] q(l+

5b/3±4a/3)

(1— l+b)(l 1+a))(

1 2+a+b)

X q (1—q)
3(l+q) q (l+q1+q2~~), (8.14)

H[(2, 0); (a, b)]= (l+qI+q2+2h+q2±q2(+hi)+~

xq(2+7h/3+5913) (1 ...q1±h) (1 ql+a) (1 _q2±a+h) , (8.15)

H[(l, 1); (a, b)]

— (1 _ql+h) (1 _ql+a) (1 _q2+a+b)(l +qi+b) (1 +qi+a)
— (l—q)3(l+q)

(8.16)

_(3+8b/3±7a/3)(l I+m)(

1 l+n)(l 2±afh)

(1—q)
3(l+q) q

x(l+qb+q2+2b+qa+2q2±a+2q3+2b±~i+q4+3~~~

+q3±2a+2q4+2~2a+q5+3~2a+q5+2~3a+q6+33a), (8.17)

_(4+3b+3a)(l 1+b)(

1 1+a)(l 2+a+b)

H[(2,2);(a,b)]= (l—q)
3(l±q) q

x(l+ql+q2+2b+qa+2q2+2q3±2a+q4+3a+q2±2a

+ 3q4+2~2a+2q5+3~2~+q6±42a+q4+~~±3a+2q5+2ti+3a+2q6±3~3a

+q7+43a+q6+24a+q7+34a+qs±44a+2q3+~~2a). (8.18)

Eqs. (8.9) and (8.10)togetherwith the initial data(8.11) determinethe values
of the Hopflink uniquely.Now, onecanverify [16] thatexpression(8.4) satis-
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fiesthe recursiverelations(8.9) and (8.10).Moreover,for (m, n) equalto (0,
0), (1.0), (2, 0), (1, 1), (2, 1), and (2, 2), eq. (8.4) reproducesthe correct
initial values.Consequently,eq. (8.4) representsthe valuesof the Hopflink in
the CStheory.

Thevalueof theHopflink shownin eq. (8.4)satisfiesthesymmetryproperties
(8.2)and(8.3).As usual,expression(8.4) admitsaTaylorexpansionin powers
of A~=(2ir/k) around,l=0. We haveverified that the first threetermsof this
expansionagreewith theperturbativeresult(3.7).

We concludethis sectionby recallingthat severalpropertiesof the link poly-
nomialsdefinedby Theorems1 and2 havebeendiscussedin Ref. [4]. In partic-
ular, thecomputationofE(L) canbe simplifiedby meansof therulesintroduced
in [2]; for example,insteadof using standardcabling, H[p1 P2] canbe deter-
minedby meansof eq. (8.13).It shouldbenotedthatthecovariancepropertyof
E(L) under an elementarymodification of the writhe canbe expressedin the
following generalform. Let L be an oriented link diagramin which the compo-
nentChaswrithe w(C) andcolourX[m, n]. Considernowthenew link diagram
L ±)which hasbeenobtainedfrom L by meansof an elementarymodification
of thewrithe of C:

w(C)—*w’(C)=w(C)±1. (8.19)

Onehas[2]

E(L))=q~~mn)E(L), (8.20)

whereQ(m, n) is the valueof the quadraticCasimiroperatorin the irreducible

representation(m, n) of SU(3).

9. Chern—Simonstheoryin thethree-sphere

Thethree-sphereS
3 is a homogeneousspaceandits fundamentalgroupis triv-

ial. Any link in S3 is containedinsidea three-ballandanylink in P3 is also con-
tainedinsideathree-ball.Thetopologicalpropertiesof links in 53 andof linksin
P3 areequivalent.

The short-distancebehaviourof the quantumCS field theory in 53 is equalto
the behaviourin P3. Therefore,the CStheory in S3 is renormalizableandfinite.
Sincethe model is definedby the sameLagrangiandensity (2.1) as in P3, the
physicalconsequencesofthe renormalizedSchwinger—Dysonequationsin ~3 co-
incidewith thosein P3. To bemoreprecise,the exteriorderivativeof theexpres-
sioncorrespondingto thepropagatorof thevectorfieldsmustrepresentaninter-
sectionform of aone-dimensionalmanifold (agivencomponentofalink) anda
two-dimensionalmanifold (the Seifertsurfaceassociatedwith a different link
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component).This structureof thepropagator,whichcaneasilybeverified in P3
by direct inspection(seeeq. (2.11)),is a consequenceof the Schwinger—Dyson
equations.Since53 is ahomologysphere,the vectorfield propagatorin S3 must
havepreciselythe samestructureasthepropagatorin P3.

All thegeneralpropertiesof theexpectationvaluesof theobservablesin P3are
alsovalid in 53~Consequently,Theorems1 and2 determinethe Wilson line ex-
pectationvaluesin P3 andin S3 as well. Moregenerally,the rules introducedin
[2,4] to computethe link polynomialscanalsobeusedin 53• It is importantto
notethatthe numericalinputof theserulesexclusivelydependson the complex
parameterq. A changein the valueof the couplingconstantk doesnot modify
the structureof thelink polynomials;it only modifiesthenumericalvaluesof the
deformationparameterq. Now, becauseof gaugeinvariance,the couplingcon-
stantkof theCStheory in S3 musttake [1] integervalues.Thus,theglobal struc-
ture of S3 doesnot modify anyof the resultsobtainedin P3 it simplyintroduces
the constraintthatkmustbe aninteger.

To sumup,the exactsolutionof the quantumCStheory in S3 canbeobtained
from the solutionin F1~by imposingtheconditionthat k is an integer.We shall
fix theorientationof S3 by adoptingthe usualright-handedrule to computelink-
ing numbers.Clearly, amodificationof the orientationof S3 is equivalentto re-
placekwith —kin theaction (2.1).Moreover,the valuek=0 mustbe excluded
because,whenk=0, the action (2.1) vanishesandthusameaningfulCStheory
doesnot exist. Consequently,we mayassumethatk is positive. Therefore,the
relevantvaluesof k thatweneedto considerare

k=integer, k=positive. (9.1)

Condition (9.1) doesnot introduceanysingularitiesin the expectationvalues
of the observablesbecauseE(L) is well definedfor anynontrivial valueof the
couplingconstantk. Thus,for fixed integerk, thesetof observablesin S3 consists
of aninfinite setof complexnumbers;thesenumberscoincidewith thevaluesof
E(L) for all the possiblelinks {L} in S3 andfor arbitraryirreduciblerepresenta-
tionsof SU (3) attachedto thecomponentsoftheselinks.

Thelabels,which areusedto distinguishthe inequivalentirreduciblerepresen-
tationsofthe gaugegroup,canbeunderstoodasgauge-invariantquantumnum-
berswhich canbe assignedto thelink components.In fact, as a linear space,the
tensoralgebra.9 canbeinterpretedas a (gauge-invariant)statespace.Thisspace
is infinite dimensionalsincethereis aninfinite numberof inequivalentirreduc-
ible representationsof SU (3). Eq. (4.7) simply meansthatanygaugeinvariant
statecanbewritten as alinear combinationofthe statesof the standardbasisof
5’. Whenthedeformationparameterq is afree indeterminate,differentelements
of the standardbasisof 5’ representphysically inequivalent(gaugeinvariant)
statesassociatedwith aknot (orasolidtorus).For fixed integerk,however,two
differentelementsof 5’ not necessarilycorrespondto differentvaluesof the ob-
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servables.Forexample,let usconsidertheelementsx[0, 1] andx[ 4,1] of 5’. Let
Cbeonecomponentof agenericlink L in S3all theremaininglink components
areassociatedwith certainfixed representationsof thegaugegroup. WhenC is
associatedwithx[0, 1], weshalldenotethe resultingcolouredlink by L

1. Onthe
otherhand,whenthecomponentC is associatedwith xE4, 1] weshalldenotethe
resultingcolouredlink by L2. For fixed k=4,we shallshowthatE(L1) =E(L2)
for arbitrarylink L. Thus,whenk= 4, x[O~ 11 andx[

4~ 1] arephysicallyequiva-
lentbecausethereisno gaugeinvariantobservablewhichcandistinguishx[0, 1]
from~[4,1].

For fixed integerk,not all theelementsof thestandardbasisof 5’ correspond
to physically inequivalentstates.In order to determinethe relevantquantum
numbersassociatedwith a knotwhenk is a fixed integer,we shall introducean
equivalencerelationbetweenthe elementsof the reducedtensoralgebra. Two
elementsxandx’ will becalledphysicallyequivalentif the following equation

<W(C;x)W(Ci;xi)”~W(Cm;xm)>Is~

=<W(C;x’)W(Ci;xi)”~W(Cm;xm)>Is~ (9.2)

holds (with fixed k) for anylink L with components{ C, C
1, ..., Cm} andfor

arbitrary{Xi, ..., xm}. Physicallyequivalentelementswill be denotedby x-~x’.
Note thatourdefinition of physicalequivalencehasarealphysicalmeaning.In-
deed,all thepropertiesof anygaugetheoryaredeterminedby thesetof thegauge
invariantobservablesexclusively.Thus~ eq. (9.2) showsthatthereis no
experimentwhich candistinguishxfrom x’. For fixed integerk, weshalldecom-
pose5’ into classesof physicallyequivalentelements.The resultingset ofthese
classeshasanalgebrastructureinheritedfrom 5’ andiscalledthe reducedtensor
algebra.

9~k).Our main purposenow is to determinethe structureof the reduced
tensoralgebra.9~k)associatedwith SU (3) for eachvalue (9.1) of the coupling
constantk.

10. Zeroesof theunknot

For fixed integerk, thevalueof the unknotE
0 [m, n] mayvanishfor certain

valuesof m andn. In thissection,we shallconsiderthe setd of elements{~[m,
n] } for which the associatedvalueE0 [m, n] is vanishing.In orderto construct
the reducedtensoralgebra~

9~k), the knowledgeof d is important.Indeed,be-
causeof Property2, eachelementof d is a representativeof the null classof
physicallyequivalentstates.

Let us first considerthe casein which k� 3. Fromeq. (7.6) it follows that
E

0[m, n] vanisheswhenoneofthe followingpossibilitiesis satisfied
(1) m=ka—l,
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(2) n=kb—l,
(3) m+n=kc—2,
wherea, b andc areintegers.Let us representthe irreduciblerepresentation(m,
n) by the pointsof atwo-dimensionalsquarelattice. The elementsof d deter-
minearegularstructureon this lattice.The zeroesdescribedin point (1) lie on
verticallineswhich areequallyspaced;thosedescribedin point (2) lie on (equally
spaced)horizontallinesandthezeroesin point (3) correspondto diagonallines.
The patternof the zeroesis shownin Fig. 10.1.
The region of the planedelimitedby the two axesm= 0, n = 0 andthe diagonal
line m+n=k—2 doesnot containzerosof the unknotandwill be denotedby zi,..

The regionA,~is calledthe fundamentaldomain;we will showthatthe classes
representedby the pointsin A,. form acompletebasisof 3~’k)•

Whenk=2,eq. (7.6) gives

0 for m andn odd;
for n oddandm even;hmE

0[m,n]= (10.1)
k.2 —(m+l)/2 form odd andn even;

— (m+n+2)/2 form andn even.

Finally, for k= 1 onehas

limE0[m,n]=~(m+l)(n+l)(m+n+2)=D(m,n). (10.2)
k-. I

It shouldbenotedthatthecasesin whichk= 2 andk= 1 presentcertainpeculiar-
ities with respectto thegeneralsituationthatonehasfor k� 3. Consequently,in
the constructionof the reducedtensoralgebrawe will needto distinguishthe
casesk=l, k=2 andk� 3.

2K-~

rn

Fig. 10.1. Zeroesoftheunknot in atwo-dimensionalsquarelattice.
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11. Null vectors

In this sectionwe will provethat, whenk� 3, all the elementsofd aregener-
ated [16] by two fundamentalnontrivial“null vectors”.

Property3. For k�3, eachelementx[ m, n] ofd canbewritten in theform

x[m,n]=C1x1+C2x2, (11.1)

where

C1X[k—2,0] , (11.2)

C2=x[k—l,0], (11.3)

andtheelementsxi and~2belongto therepresentationring R ofSU (3).

Proof All theelementsof Rwhichcanbewritten asin eq. (11.1) form aideal of
R denotedby .91(C1, C2). We needto prove that eachelementof d belongsto
.91(C~,C2). In orderto do this, weshallusethetensorproductdecompositions

(m,n)®(l,0)=(m+l,n)~(m—l,n+l)~(m,n—l), (11.4)

(m, n)® (0, 1) = (m, n+ 1 )~(m+ 1, n—1) ~ (rn—i, n) . (11.5)

Let us recallthat the elementsofd correspondto the pointson diagonal,hori-
zontal andvertical linesof the squarelattice introducedin Section 10. First, of
all, weuseeqs. (11.4)and(11.5) to provethatif threeelementsof .~(C1,C2) are
representedby threeconsecutivepointsin adiagonalline, thenall theremaining
pointsof the diagonalbelongto 91(Ci’ C2). Indeed,settingm— m+ I, n—+ n— 1 in
eqs. (11.4), (11.5) andsubtractingthem,wehave

xEm,n]x[1,0]—x[m+l,n—1]x[0, 1]

=X[m—l,n+l]—X[m+2,n—2] . (11.6)

Thus, if~[m— 1, n+ 1], xEm, n] andX[m+ 1, n—1]. belongto ~(C1,C2), eq.
(11.6) impliesthatX[m+2, n—2] alsobelongsto 91(C1, C2) (seeFig. 11.1).With
the substitutionm—*m—landn—n—lin eq. (11.6),we concludethatX[m—2,
n + 2] alsobelongsto 91 (Ci, C2) as shownin Fig. 11.2. Clearly, al the remaining
pointson thediagonalcanbeobtainedby induction.The sameargumentcanbe
usedto prove that the presenceof threeconsecutiveelementsof .91 (C1, C2) in a

N
Fig. 11.1. Graphicalrepresentationoftherecursiverelation (11.6).
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N
Fig. 11.2. Elementsof.~(~1,~ on a diagonalline.

vertical (orhorizontalline) implies that all the remainingpointsof the line are
alsoelementsof 91 (C1, C2). For averticalline therelevantformulais:

xEm,n]x[l,0]—xEm,n+llx[0,l]=x[m,n—1]—x[m,n+2], (11.7)

whereasfor ahorizontalline the recursiveformulais

X[m, n]x[ 1,0] —X[m— 1, n]~[0,1] =~[m+ 1, n] —X[m—2, n] . (11.8)

Now we arereadyto expressall theelementsof d in termsof C1 andC2. Let us
considerthe elementsof the “first” diagonalm+n=k—2 (seeFig. 10.1); the
fundamentalnull vectorC1 =~[k—2,0] correspondsto the crossingpoint of the
diagonalwith the rn-axis.Fromthe equation

Cix[l,0]=C2+x[k—3,l] (11.9)

it follows thatx[k— 3, 1], which belongsto d, also belongsto 91 (C1~C2). The
equation

x[k—3,1]x[l,0]—Cix[0,l]=x[k—4,2] (11.10)

impliesthatx[k—4, 2] e91 (C1, C2). At this stage,we haveshownthat threeele-
mentsof d, which arerepresentedby threeconsecutivepointson the first diag-
onal line, belongto 91 (C1, C2). Consequently,all the pointsof this diagonalline
belongto ~ (C1~C2). In otherwords,the elementsofd correspondingto thepoints
of the first diagonalline (seeFig. 10.1)arealsoelementsof .91 (C1~C2).

Letusconsidernowthepointslyingon thefirst verticalline m= k— 1. The first
basepoint is C2=xEk— 1, 0]. Thesecondpointcanbeobtainedby using:

C2x[0, 1] =~[k— 1, 11 +C1 ~[k— 1, 1 ]e91(C1,C2) . (11.11)

Thethirdpoint canbeexpressedin termsof C1 andC2 accordingto

~[k—l, l]X[O, l]=X[k—l,2]+X[k,0]+X[k—2, 1],

C2x[l,0]=xEk,0]+x[k—2, 1]

xEk—l,2]=x[k—1, l]xEO, l]—C2x[l,0]c91(C1,C2) . (11.12)

Since~[k—1,0], xEk—1, 1] and~[k— 1,2] belongto~(C1,C2), allthepointsof
theverticalline (k—1, n) belongto 91(C1, C2).

We nowexaminethefirst horizontalline n = k— 1; for thefirst pointwe have

x[0,k—21x[0, l]=X[0,k—l]+X[l,k—3]
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— x[0,k—l]e91(Ci,C2). (11.13)

Thesecondpointcanbeexpressedas

X[0,k—l]X[l,0]X[l,k—l]+X[0,k—2]

~ xEl,k—l]e91(Ci,C2). (11.14)

For thethird pointweget

xEl,k—l]x[l,0]=x[l,k—2]+x[0,k—21+x[2,k—l]

xEO,k—l]x[0,l]=x[l,k—2]+xEO,k—21

=x[l,k—l]x[l,0]—x[0,k—l]x[0,l]e91(Ci,C2). (11.15)

At this stage,by using eq. (11.8) recursively,we find that all the pointsof the
first horizontalline belongto 91 (C1~C2).

To sumup, in thisfirst stepwe haveshownthat the elementsofd whichcor-
respondto thepointsof thefirst diagonal,verticalandhorizontallinesbelongto
91(C1,C2).

In thesecondstep,weconsiderall the remainingdiagonalandhorizontallines.
Let usstartwith the basepointsof the seconddiagonalline. The elementgiven
byx[k— 1, k— 1] lies on thefirst horizontalline,thereforeit belongsto 91 (C1~C2).
The secondbasepointcorrespondsto ~[k, k—2]; indeed,

X[k—l, k—2]~[l, 0]=X[k, k—2]+~[k—2,k— l]+~[k— 1, k—3]

~ X[k,k—2]X[k—l,k—2]X[l,0]—X[k—2,k—l]

—x[k—l,k—31e91(Ci,C2) . (11.16)

For thelastelement,we have

xEk—2, k— l]x[O~ l]=X[k—2, k]+~[k— 1, k—2]+~[k—3, k— 1]

x[k—2,kle91(Ci,C2). (11.17)

By usingeq. (11.6) recursively,one can completethe seconddiagonalline. The
sameargumentthatwehavepresentedbeforecan beusedto analyzeall diagonal
andhorizontallines. Indeed,sinceall the pointsof the seconddiagonalbelongto
91 (C1, C2), we canconstructthe secondhorizontalline as we did for the first.
Then,we canconstructthe third diagonalline andsoon. It is clear thatthis re-
cursiveprocedureshowsthat all the pointson the diagonalandhorizontallines
belongto 91(C1, C2).

In thethird andfinal step,weconsiderthe verticallines.Threebasepointsfor
the secondvertical line canbe obtainedby exploringthe crossingbetweenthe
thirddiagonalandthefirst horizontallines.The first elementis:
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~[2k— 1, k— 1 ]~[l, 0]=~[2k, k— l]+X[2k—2, k] +~[2k—1, k—2]

~ x[2k—l,k—2]e91(Ci, C2). (11.18)

For the secondelement,wetake

X[2k—l,k—2]X[l,0]X[2k,k—2]+X[2k—2,k—l]+X[2k—l,k—3]

~ X[2k— 1, k—2]c91(Ci,C2) . (11.19)

Thethird element,which correspondsto x[ 2k— 1, k—11, belongsto thefirst hor-
izontalline. Therefore,by usingeq. (11.7),we cancompletethe secondvertical
line. Repeatingthe sameargumentat everycrossingpointbetweenthe first hor-
izontalline andthe diagonallines,all the verticallinescanbeconstructed.

In conclusion,all, the elementsof d belongto 91 (C1, C2) or, inotherwords,can
be written in the form shown in eq. (11.1). Consequently,Property 3 is
proved.

12.Reducedtensoralgebrafor k� 3

In this sectionwe will determinethe structureof the reducedtensoralgebra
~k) for k� 3. Let L be acolouredandframedlink in S

3with components{C, C’,
...} in which the componentC hascolour tie5’. If (for fixed integerk) ii=~[m,
n]ed, Property2 implies that <W(L)>I~

3=0for any link L. As wehave al-
readymentioned,thismeansthat ti=~[m, n] ed is physicallyequivalentto the
null vector.

Property 4. If thecomponentCofa linkL hascolour ti =X1X2 with Xi edand~2E5’,
onehas

<W(L)>1s30. (12.1)

Proof By usingthe satelliteformula (4.14), the expectationvalueof W(L) can
beexpressedas

<W(L)l~3~<W(C,C’, ...;X1X2,X...)> IS~

=<W(h~°’(B),C’,...;xl,x2,x’...)>IS3~<W(L’)>IS3,(12.2)

whereh~is the homeomorphismdefinedin Section4 andB is the two-compo-
nentpatternlink shownin Fig. 4.1. In eq. (12.2),L’ denotesthe satellitewhich
hasbeenobtainedfrom L by replacingthe componentCwith the imageh~ (B)
of the patternlink. NotethatL’ hastwo componentswhich havecoloursXi and
X2. Therefore,if~1ed, by usingProperty2 onehas<W(L’)> I s~= 0 and,conse-
quently,<W(L)> Is~ 0.
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In generalone canintroduce,for fixed integerk, the setI(k) of elementsof 5’
whicharecharacterizedby the followingproperty:CEI(k) if the equation

<W(C;C)W(Ci;xi)”W(C,,~x,~)>53=0 (12.3)

holdsfor anylink L in S3 with components{C, C~,..., C,~}andfor arbitrarycol-
our states{x~~...~ x,~}~ 5’. In otherwords,1(k) is the set of elementsof 5’ which
arephysicallyequivalentto zero.By usingthe satelliterelations,it is easyto ver-
ify that ‘(k) is an invariant subalgebra(ideal) of 5’. By definition,the elements
{ !P} of the reducedtensoralgebra ‘91~k)are the classesof physicallyequivalent
vectors;theseclassescoincidewith theelementsof 5’ modulotheideal1(k)~Thus,
theproblemof finding 5~k)is equivalentto the determinationof I(~).

Clearly, Property4 impliesthatanyelementti of the form fl=X1X2, with Xi ed
andX2E5’, belongsto 1(k)• Sinceanyelementof d is of the form (11.1), it is
naturalto expectthat eachelementC of I(~)canbeexpressedin the form

C=C
1x+C2x, (12.4)

where x and x’ belongto 5’. Wewill prove that this is indeed the case; in other
words,for fixed integerk� 3, ‘(k) is theidealgeneratedby thetwo null vectorsC1
andC2 shown in eqs. (11.2) and (11.3).The proof essentiallyconsistsof two
steps.Firstly, assumingthat eachelementof

1(k) is of the form (12.4),we shall
determinethe correspondingset ~k) of equivalence classes. Secondly, we will
showthatthis setis physicallyirreducible;i.e. ~P—~0 implies ~ 0.

We shallnowgivethreebasicruleswhichconnect,for fixed integerk� 3, phys-
ically equivalentelementsof 5’. Let us recall thateachelementX[m, n] of the
standardbasisof 5’ is representedby apoint in the squarelatticeshownin Fig.
10.1.Furthermore,theelementsofd areorganizedin diagonal,verticalandhor-
izontallines in thesamelattice.To eachline is associated[16] acorrespondence
rule.

Rule 1. Let usconsiderthe elementx[m, n]. Supposethat,for somenonnegative
integerp, X[m—p, n] belongsto d and is representedbya point on a diagonal
line, then

(12.5)

• Proof Whenp=1, onehas

O-~X[m—l,n]X[l, 0]

=X[m,n]+X[m—2,n+l]+X[m—l,n—l] . (12.6)

SinceX[m—2, n+ 1] is representedby apoint on the diagonalwhich is deter-
minedbyx[m—l,n],x[m_2,n+l]belongstodandthenx[m_2,n+l]~0.
Therefore,eq. (12.6)gives
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X[m,n]—~—X[m—l,n—l] , (12.7)

which showsthat eq. (12.5) is satisfiedforp=l. We nowproceedby induction.
Let us assumethat eq. (12.5) is valid for p�j5. We consider the following
decompositions

x[m,n]x[l,0]=xEm+l,n]+x[m—l,n+ll+x[m,n—l1, (12.8)

X[m—p, n—p]x[l, 0] =~[m—p+1, n—g]+~[m—j~—1, n—j~+1]

-I-X[m—p, n—p—i]. (12.9)

By inductionhypothesis,onehas

x[m,n]-—X[m—p,n—Ifl,

X[m—l,n+l]—~ —X[m—l—p,n+l—i~],

Xm,n—l]—~—X[m—(p—l),n—l—(p—l)] . (12.10)

Therefore,by addingeqs. (12.8)and (12.9)andby using (12.10),onefinds

x[m+l,nl—.’—x[m+l—(zJ+l),n—(iJ+l)] . (12.11)

Eq. (12.11) showsthat eq. (12.5) holds also for p=j~+l;this concludesthe

proof. fl

Rule 2. Let usconsiderthe elementX[m, n]. Supposethat,forsomenonnegative
integerp, xE m—p, n] belongsto d andis representedbya pointon a verticalline;
then

xEm,n]——x[m—2p,n+p] . (12.12)

Proof Whenp=1, onehas

0—~X[m—1, n]~[l, 0]

=x[m,n]+X[m—2,n+l1+X[m—l, n—l] . (12.13)

Sincex[m — 1, n — 1] is representedby apoint onthe verticalline whichis deter-
minedby x [m— 1, n], xl m— 1, n— 1] belongsto d andthenxEm— 1, n— 1] 0.
Therefore,eq. (12.13) gives

(12.14)

whichshowsthateq. (12.12) issatisfiedforp= 1. We nowproceedby induction.
Let us assumethat eq. (12.13) is valid for p�j~.We considerthe following
decompositions

xErn,n]xEl,01=x[m+l,n]+x[m—l,n+l]+x[m,n—l], (12.15)



E. Guadagnini,L. Fib / GeometryandPhysics14(1994)236—284 275

xEm—2p,n+jflx[l, 0] =~[m—2p+ 1, n+j~]

+X[m—2j~—l,n+i~+l]+X[m—2i~,n+p—l].

(12.16)

By the induction hypothesis, one has

X[m,n]~—X[m—2p,n+P],

X[m— 1, n+ 1] —X[m— 1 —2(j~—1), n+ 1 +(j~—1)]

x[m,n—l]’~—x[m—2i~,n—l—ifl. (12.17)

Therefore, by addingeqs. (12.15)and (12.16) andbyusing (12.17), one finds

X[m+l,n]’——X[m+1—2(p+l), n+(j~+l)] . (12.18)

Eq. (12.18) showsthateq. (12.12)holdsalsofor p=ji+ 1.

Rule 3. Let usconsidertheelementX[m, n]. Supposethat,forsomenonnegative
integerp,X[m, n—p] belongstod andis representedbya point on a horizontal
line, then

xEm,n]—.’—xlm+p,n—2p] . (12.19)

Proof The proofof eq. (12.19) is basedon the samealgebraicmanipulations
used in the proof of Rules 1 and 2.

The equivalence relations described by Rules 1, 2 and 3 are shown in Fig. 12.1.
These rules must be used to connect points of the physical region (m� 0 and
n� 0) of the square lattice. The points of the physical region of the lattice de-
scribeall the irreduciblerepresentations{ (m, n ) } of SU(3) which label the ele-
ments{~[m, n]} of the standardbasisof 5’.

For fixed integerk�3, let usconsidera genericelement~[m, n]. If X[m, n]
belongs to d, then X[m, n] 0. If~[m, n] ~d, by using Rules 1, 2 and 3 recur-
sively, it is easyto seethatx[m, n] is physicallyequivalent(with a well deter-
mined sign) to an elementx[a, b] representedby apoint in the fundamental
domainA,.. Thepointsof Akhavecoordinates(a, b) characterizedby

I0�a<k—2,A,.~{(a,b)} with t0<b —a+k—2. (12.20)

We shalldenoteby !P[ a, b] theclassassociatedwith the irreducible represen-
tation (a,b) of SU(3) with thepoint (a, b)nA,.. A genericelementxof 5’ admits
alineardecompositionin termsof the elementsof thestandardbasisof 5’

~ ~(m,n)~[m,n] . (12.21)
,n.n
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(a,b) (a-2n,b+n) (a,b)

(a-nb-n)

(a-n,b+2n) .

(a,b) •

(n) (a+2n,b-n) (n)

(ab)

(ab)

I )n)

N.
(a+ri,b-2n)

Fig. 12.1.Graphicalrepresentationof Rules 1, 2, 3.

Let ~Pbe the classof physicalequivalentelementsassociatedwith x. Since the
classcorrespondingto eachx[m, n] is the trivial class or a class ~P[a, b] with (a,
b)eAk,it follows from eq. (12.21)that

~ c~’(a,b)~PEa,b], (12.22)
(a,b)eAk

where{~‘(a,b)} arelinear combinationsof thecoefficients{i~(a,b)}.
To sumup, assumingthat for k� 3 each element of ‘(k) hasthe form (12.4),

eq. (12.22) showsthat the elementsof 5’ modulothe ideal ‘(k) admits a linear
decompositionin termsoftheclasses{W[a, b]} with (a, b) eA,..Therefore,{ W[a,
b]} form abasisof ,91~thatwe call the standardbasis.It remainsto beverified
that~ definedabove,is physicallyirreducible.This meansthatif the element
W,1,e ~k) is physically equivalentto zero 0, then !I’,~,= 0. The proofis very
simple.Let usconsidertheHopflink in whichonecomponenthascolour~t-’~and
the othercomponenthascolourgiven by a genericelement~I’of ~ If ~ 0,
theassociatedexpectationvaluevanishes
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<W(C1 ~P~)W(C29’)>1s3=0. (12.23)

Let usexpand~ as in (12.22),

~ c~~(m,n)~P[m,n]. (12.24)
(m,n)e4i,

Since eq. (12.23) holdsfor arbitrary W, eq. (12.23) implies that, for any (a,
b)eA,.,onehas

~ i~,(m,n)H[(m,n)(a,b)]=0. (12.25)
(mn) nAk

The complexnumbers{H[(m, n), (a, b)]}, for (m, n)EAk and (a, b)eAk,can
beunderstoodas thematrix elementsof asymmetricmatrixcalledthe Hopfma-
trix H. As shownin theAppendix,the HopfmatrixH is invertible; therefore, eq.
(12.25)impliesthat

c~(m,n)=0, forany(m,n)EAk. (12.26)

This showsthat !P~= 0. In conclusion,the resultsof this sectionaresummarized
by thefollowing theorem.

Theorem5. Forfixedintegerk� 3, thereducedtensoralgebra ~k) coincideswith
theclassesofelementsof5’ modulotheideal ‘(k) generatedby thenon-trivial null
vectors C1 andC2 definedin Section11.

Finally we notethat,as alinear space,‘
9~k) hasadimensionwhich is equalto

the numberof representativepointson the squarelatticewhich belongto the
fundamentaldomainAk. Consequently,for fixedk� 3, the reduced tensor algebra
.9~k)is of order(k—l)(k—2)/2. Whenk=3, the orderof.~

3)is equalto unity;
in thiscase,thefundamentaldomainA3 containsasinglepointwith coordinates
(0, 0). Thismeansthat,for k= 3, there is only one class of physically equivalent
states;thisclasscanberepresentedby x[0, 0].

13.Reducedtensoralgebrafor k= 1

In thissectionwecomputethereducedtensoralgebrafor k= 1. SinceE0[m, n]
doesnot vanishwhenk= I (seeeq. (10.2)), in the constructionof the reduced
tensoralgebra,3~onefinds a situationwhich is quite differentfrom the case
k�3. Clearly, whenk= 1 wecannotusethe sameargumentthatwepresentedin
the previoussection;nevertheless,we will showthat the expectationvalueof a
genericlink L hasabeautifulperiodicityin thecolourstatespace5’.

In orderto find .9w, we shallproducethe explicit expressionof <W(L)).I s’
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for a generic link L when k= 1. As we shall show, we only need to consider the
doublecrossingsbetweentwo linesof a link diagram. These crossings can be ana-
lyzedby usingthegraphicalrulesintroducedin [2,4]. Let usconsiderapart of a
link diagram(tangle)which describesa two-stringconfiguration.The no-cross-
ing tangle,representingtwo parallellines, can be decomposedas shownin Fig.
13.1.The “projectors”appearingon theright-handsideof the relationshownin
Fig. 13.1 representskeinmodules [2,4]. Onecanalwaysimaginethatthepartof
the link which is describedby the tangleis containedinsidea solid torus. Each
projectorsimplyselectsonecolour stateof thestandardbasisof 5’ which flows
alongthe coreof this solid torus.The tanglecorrespondingto adoublecrossing
canbedecomposed[2] as shownin Fig. 13.2,wherethetwist variablea(a,b) is
givenby

(13.1)

Whenk= 1, one has

a(a,b)=e 2iri/3)
2+.2+33±ab) . (13.2)

The algebraicstructureof expression(13.2) showsthata(a, b) dependson the
valuesof a andb modulo3. Let us introducethetriality t,,, of an irreduciblerep-
resentationp (a, b), definedas

t~=a—b (mod3) . (13.3)

In ourconvention,the possiblevaluestakenby t,, are { — 1, 0, 1}. The valueof a

variableis

P E Pi® P2

Pi P2 Pi P2

Fig. 13.1. Projection decompositionoftheno-crossingtangle.

= U(Pi)1 cz(p
2)L u(p)

P~Pi®P

Pi P2 P1 P2
Fig. 13.2. Projection decomposition of the double crossing tangle.
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g’ \_ —2,ri/3 . ,~ (1a~p,—e 1 ~e ‘~‘‘ (13.4)

a(p)=1 ift~=0.

Triality is conservedin the sensethat all the irreduciblerepresentations{p,} of
SU(3), which enterthe decompositionof the tensorproductPi®P2, havethe
sametriality:

PI®P2~~Pi, ~ (mod3) Vi. (13.5)

Eqs.(13.4) and(13.5) imply that,for k= 1, thedecompositionillustratedin Fig.
13.2 takesthesimpleform shown in Fig. 13.3. The complexcoefficient Y~2is
givenby

Y _e(
2~b~~3)tpht~ (136

p1P2 .

Doubleundercrossingcanbeobtainedsimplyby replacingY,,
1~2with its complex

conjugateY11,2.
Let usnowcomputethe expectationvalueof aWilsonline operatorassociated

to agenericlink L with n colouredcomponents;thecolour of the componentC1
is givenby theirreduciblerepresentationp1. Therelationshownin Fig. 13.3per-
mits us to transformL into acollection of n disjoint knots.Consequently,one
finds

~ (13.7)

where

F(t~1,..., tp~)exP(~~ lk(C,, c)~~1t®). (13.8)
1<]

At this stage,by usingtherelationof Fig. 13.3andeq. (13.4),we cantransform
eachknot C into theunknot.Thereforewehave

<w(CI~...,Cn;Pl,...~Pn)>Is3G(tPi,...,tP)(flEo[Pi]), (13.9)

PIP2 = ~iP2 Pi P2

Fig. 13.3. Equivalence between tangles for k= 1.
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with

G=ex~[~(~2 lk(~, C~)t~1t,~+~ lk(C1, CIf)t~I)]. (13.10)

At thispoint, from eq. (13.9) andeq. (13.10) it is clear that the equivalence
classesof physicallyequivalentcolour statesare characterizedonly by triality.
Therefore,the reducedtensoralgebra.9~is of orderequalto three 116]. The
elementsof the standardbasisof.9~1)aredenotedby {~P[0], ~P[1],~P[— 1 ]}; the
structureconstantsaredeterminedby triality conservation,

W[0]W[0]=~P[0], W[0]W[l]=V’[l], ~P[0]’I’[—1]=~P[—l],

!P[l]V’[l]=!P[—l], ¶P’[l ]~P[—l ]=~P[0]

(13.11)

Since, for k= 1, onehasEo[a, b] =D(a, b), eachelementof 5’ correspondsto
anelementof J(1) accordingto

(D(a,b)~1’[0] ifa—b=0 (mod3),
~[a,b] ‘~D(a,b)~t’[l] ifa—b=l (mod3), (13.12)

(D(a,b)!PE—l] ifa—b=—l (mod3)

As a check, let us verify that the Hopf matrix, defined in terms of basis elements
of ,9~,is nonsingular. Weconsider the Hopf link, shown in Fig. 8.1, in which
each component is characterized by an element of the standard basis { W[ 0], ~1-’[1],

— 1 ]} of ~ Theexpectationvalueof the associatedWilsonline operatoris

H[W[i], W[j]]=H11, (13.13)

where,accordingto eqs. (13.9)and (13.10),the 3x 3 matrix H is given by

/1 1 1 \
1 e

2’~’~3 e2’~3 ~. (13.14)
1 e —2,ri/3 e2~13J

Since the Hopf matrix His invertible, the set .9~ is physically irreducible; this
concludesthe constructionof the reducedtensoralgebrafor k= 1.

14.Reducedtensoralgebrafork= 2

Whenk=2,the valueof the unknotis

0 formandnodd;
for n odd and mevenEo[m,n]I,.

2= —(m+l)/2 formandoddandneven; (14.1)

—(m+n+2)/2 formandneven.
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Property2 andeq. (14.1) imply that each irreduciblerepresentationx[m, n],
with m andn odd, is physically equivalent to the null element of ~ Thesetof
representations{ [m, n ] } with m andn odd is called d2. The valueof the twist
variablefor k=2 is

a(a,b)= (_ 1 )a±b+abe ~ (14.2)

Apart from the irreduciblerepresentationsphysicallyequivalentto the null ele-
ment,we findthat the valueof a(a,b) dependsonly on triality. More precisely,
if theirreduciblerepresentationp doesnot belongto ~, wehave

a(p)=e
2~r~~I3ift~,�0, (143)

a(p)=l ift~=0.

In analyzingthe doublecrossings,wecanignoretherepresentationscontainedin
d

2 indeed,eachprojectoron arepresentationof thiskindgivesa vanishingcon-
tribution. Therefore,eq. (14.3) implies that the relationshown in Fig. 13.3 is
valid alsofor k=2; we only needto computethe new valuesof the coefficients
Y,,1,,2.Fromeq. (14.2) andthe relationshownin Fig. 13.2,for k=2 onefinds

— (

2,n/3)tp

1tp2 (14.4)

Thesameargumentthatweusedin theprevioussectionnowgives

<w(CI~...,Cn;Pl,...,Pn)>Is3G’(tpi,...,tp~)(flEo[PiI), (14.5)

with

G’=exP~(~2lk(Ci,Ci)~,~+~lk(CI,Clf)t~l)]. (14.6)

The equivalenceclassesof physicallyequivalentcolour statesareagaincharac-
terizedonlyby triality. Therefore,thereducedtensoralgebra~(2) is of orderequal
to three [161.The elementsof the standardbasisof “(2) aredenotedby { ~P[0],
W[ I], !P[ — 1] } with structureconstants

!P[0]!1’[0]=Y~’[0], ~1’[0]~P[i]=!P[l], !P[0]~P’[—l]=~’E—1]

!P[l]W[l]=!1’[—l], ~P’[1]~P’[—l]=W[0]

Y’[—1]~P[—l]=W[l]. (14.7)

Eachelementof 5’ correspondsto an elementof ~ accordingto

(Eo[a,b]WE0] ifa—b=0 (mod3),
~[a,b] ‘~E0[a,b]~1J[l] ifa—b=l (mod3), (14.8)

lEo[a,b]W[—l] ifa—b=—l (mod3),
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whereE0[a,b] isgivenineq.(14.1).
Whenk=2 the Hopf matrix H, which is definedin termsof basiselements

{ W[0], W[ 1], ~P[— 1] } of ~2)~ isgivenby

/1 1 1 \
H= ( 1 e _2mi/3 e

2~1z’3 ) . (14.9)
\ 1 e2®13 e2~~~/3J

Clearly,the HopfmatrixH isinvertible andthen~~2) is physically irreducible.
We notethat the reducedtensoralgebras.9~and~(2) areisomorphicandco-

incidewith thegroupalgebraof the centerZ
3 of SU(3).

15.Conclusions

The CSexpectationvaluesof the Wilson line operatorsrepresentambientiso-
topyinvariantsof orientedframedcolouredlinks. Thecolourstatespaceassoci-
atedto each link componentcoincideswith the tensoralgebra5’ which is the
complexalgebrainducedby therepresentationring of thegaugegroup.For links
with mcomponents,theseinvariantsarelinearfunctionson 5’®”~.In this article
we haveshownhow to computetheseinvariantsfor links definedin D9~andS

3
whenthe gaugegroupis SU(3). For integervaluesof the couplingconstantk,
differentelementsof 5’ not necessarilycorrespondto differentvaluesof the oh-
servables.This leadsto the introductionof thereducedtensoralgebra3~k) whose
elementscorrespondto the setof physically inequivalentcolour states.We have
giventhe completeclassificationof the reducedtensoralgebras{ ~ } associated
with SU (3).Thesealgebrasareof finite orderandplay acrucial role in the sur-
gerypresentationof three-manifolds[7].

As suggestedby Wittenin Ref. [1], thebraidingpropertiesof theanalyticcon-
formalblocksoftheWZNW modelin two dimensionsarestrictly connectedwith
the skein relationssatisfiedby the expectationvaluesof the CS theory.Thisim-
pliesthatthe algebraof the fusion rulesof the SU(3),WZNW conformaltheory
is isomorphicwith the reducedtensoralgebra~k) with k=l+ 3. This topic will
bediscussedin Ref. [7].

Appendix A

For fixed integerk�3, let usconsiderthe values {H[(m, n), (a, b)]} of the
Hopflink for (m, n)EAkand (a, b) oAk. Thesecomplexnumberscan be under-
stoodas the matrix elementsof a symmetricmatrixcalledthe Hopfmatrix H.
The elementsof thestandardbasisof.9~,.)are {W[a, b]} with (a, b)EAk; to sim-
plify thenotation,weshalldenotethemsimplyby {~}with thecollectiveindex i
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running from 1 to thedimensionof.9~k).The elementw~correspondsto Y’[O, 0]
and,~ representsW[a, b], thent

1ti,~denotes!P[b, a]. Thematrix elementsof H
are

H11 =H[~1, w~]. (A.l)

We wishto provethatHis invertible.
First ofall, let usevaluateH

2. By definition,onehas

(H2),~=~.H
11H,1. (A.2)

By takinginto accountthatthevaluesoftheHopflink aregivenin eq. (8.4),one
finds thatexpression(A.2) consistsof acombinationof geometricfinite sums.
Thedirect computationofthesegeometricfinite sumsgives [16]

(H
2),

1= [2S6.6(~)2(/k)]olj*. (A.3)

This equationshowsthatthe HopfmatrixH is invertible; indeed,

3k
2 —1

(H’),
1= ~[256i6(Ik)2(Ik)] H11~1~1. (A.4)
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